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PREFACE

- 1« mv great pleasure to present the book entitleg
it 153 =

"Mathematics 11'in front of
ou all. This book has been designed 1o supply the theoretical, numerical and

omputer skills to the students in regard to Mathematics. This book is based on
e curriculum of BCA, Second Semester, CAMT 154.

: I'U. It is also a reference
material for the students of other programs,

The book is designed under 6 units. Every unit and sub-unit is based on the
«vllahus of BCA, Second >Semester, TU. T hope this book will provide the
adequate materials to enhance the study of Brv‘\ students. In order to facilitate the
<tudents. sufficient solved examples are included. For the practice materials,
numbers of exercises are included. At the end of the book. the learning process of
Mathematical Software Mathematica and MATLAB are mtroduced. | hope this
will help the students to solve specified problems of the course with the help of

Mathematica and MATI AB,

| do not claim on my own originality on the matter of the text not on its

sufficiency. Most of the definitions, theorems, examples and figures are taken
from the book Calculus and Analytical Geometry, 9" Edition by G.B. Thomas and

. R.L. Finney. I am heartily obliged to the authors of this book and to those who are

Pase Scan QR Code for i ibliography. I am really i i [ due
Additional Materiais mentioned in the bibliography. y indebted to all of them. If due

recognition for the authorship of any material is lacking, T extend apology to
them.
o) 1 TT

| am grateful to my seniors, friends and colleagues who encouraged and inspired
me to write this book. I warmly acknowledge my wife Asmita Panthi and other

family members for their patience and support while writing this book. 1 would

like to acknowledge and thank Mr. Manoj Kumar Sharma, Managing Director of

Asmita Books Publisher and Distributors (P.) Ltd. Also. | am thankful to

L Mr. Bijaya Shrestha for his support in typing and designing the book.

Finally, I would like to take the responsibility for remaining errors, and I would be
indebted if they are pointed out to me. Constructive criticism and suggestions for
F the improvement of the book, either from the teachers or students. will be highly

- 14 appreciated.

Jhavi Lal Ghimire (9851135564)
2019
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the clarity an Such
Fwdc to c-nhi;i;cmnﬁﬂj equations, Taylor's l!_'lenrem, Maclaurip
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and anyone interested in mathematics.
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derivative,

. diferentiale different types of functions, 980T
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1.1 Introduction

i ——

Limit is the fundamental concept of calculus. In real sense, calculus is the
study of limits. It was developed independently by Sir Isaac Newton
(1642-1727) and Gottfried Whilhelm Leibnitz (1646-1716). Intuitively, limit
is a value to which a function approaches as the variable approaches a given
value. The limit has many applications in calculus as well as in other

branches of Mathematics.

We have discussed about a function and its graph in first semester. We now
give the definition of function, domain and range of a function and value of

the function at a point as a review.
Function

Let X and Y be two non-empty sets. A function ffrom aset X toset Y is a
rule which associates each element of X with a unique element of Y. The set

X is called the domain of f and the set of values of f(x) for every x € X is
called the range of f and the set Y is called the co-domain of f. In symbol,

we write /: X — Y in order to mean fis a function from X to Y.

Value of a Function

Let f: X — Y be a function and x = a be an element in X. The value of f (a)

- is called the value of the function fat x = a. If f(a) is a finite number then we
say that f(x) exists or is defined at x = a. If f(a) is not finite, we say f(x) does
not exist or is not defined at x = a.

| Examples:
i 1.  The function f(x) = 2x + 1 is defined at x = 2 since
f(2) =2 x2+1=5 which is a finite number.
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t - v w 4 :- £ - - o
Hence, as he value of x approaches 2, the value of f(x) approachs

2 since
S}.-,nhnht‘u”}". we write as x — 2, f(x) —» 4

MATHEMATICS
-4 ¢ defined atX

X —isno
-2
Meaning of x — &
Let x be a variable and a be a constant, If x assumes the value nearer and
: = 1T

i Toe function /()™ x
)= 1’-—4_2 which 15 meaningless:
yie: 0 k-
s not defined at x el the cOommon facto : .- ' : . » 3 op
HMI{I:Z we can factorize pumerator ¢ and cance : :]hLLHrll‘i::.n::}]’-t:h :Tf:’;:i::"t";:ilue f“ d'”tm":‘: it Yoy Sl
any x ’ 2 : > a or x approaches to a'. Sy
:::n pumerator and denominator: R, » @'. Symbolically, we write
2_4
X .
y =f=%-2 1.2 Indeterminate Forms
r—2) (XX 2) fa funct K oo
= a function co — oo (= 00 1
=) Ifafu f(x) takes the form ﬂ . , 07, 0% 1™ for some value of x,
_x+2forx#2 , then these forms are called indetermi
I h ;‘f'l' the liney =X 7 2 with one point removed; namely the Heelernaie facs,
- 3 ] - - .
78 fhzhr;f {n .moved point is shown as & hole' in the figure. 1.3 Limitofa Function
int (2, 4) 9 : 2 R
po - “‘ pefinition
Informal Definition of Limit
Let f(x) be dfzﬁncd on an open interval about a, except possibly at a itself. If
f(x) gets arbitrarily close to L for all x sufficiently close to a, we say th'at f
approaches the limit L as x approaches o lim 4
PP a, and we write LY=L,
This definition is informal bec
: a au 2o
i we give tox, a value not exactly 2 but slightly mOre than or less thag ce8 sufficiently close are imprecise as th - o .phr35c5 S coec and
. - by (v) is slightly more than or less than 4 respectively. eir meaning depends on the context.
the valu€ OL / 4/ °° 7% .
= s EL _T._________._-———T
s e ] | it Working Rules for Finding th f (x)
Valoe of x more than 2 'l f(x)= x—2 =x+2,x#2
| LA e SR N ____r——r——-ﬂr Rule I (Direct substitution): s Gy : Y
= . 2.1 4.1 R Ty ): Put x = a in the given function f (x). If f () is
e S ——— 401 finite number then _ 1M f(x)= '
| 2,01 | - x — at X)=f(a).
— o [ .
. 2001 i 4.001 Examples:
fape—— > 0001 | 4.0001 I
S e : : 1m
al = (3) 3
A | :
| -4 o llm
Value of x less than 2 | fO)=_—5 =% +2,x#2 1. =511 (2)=2
| .
ET Tr 3.0 o hrn
— N i B2 H(B3x*+2)=3x22+2=14
I J e | ';{)q i
! ] 999 i [ | Iff(a) takes an indetermi
St Rl : ; 3.999 | rminate form, we adopt the following rules.
4 |
1.9999 | 3.9999 |




-ational tirnctiuu thtn

}[’
L
i-

L hich is an indete rminate form.
=W

[We can cancel x as x — 0 but not x=0.)

Rule 1V: Use of other standard formulae and series exXpansion.

1.4 Algebraic Properties of Limit
0 P

' : the form 7 when x = 1.
b, The function takes the form o Whe

Let /' (x) and g (x) be two functiong such that 1"“
So, : |

- lim
lim (x-DE*2)

>af @) = ¢ and

+ — a & (X) =m. Then, we have the fD“OWIHE thm:u-er'mr on limits.
:_1 — 1 v(x—1)

- 1. Sum Rule:
LT L
— y j_lg]‘; T [iITI [f(.‘} + o )] — IHTI .
| ¢y g (x af (X)+ _ g(XxX)=1+m.
l

Dil‘ference Rule:

l
* -—}a (%) - g )] = lm f(l‘) 1I——}lma gx)=¢—m.
Rule III (Creating and canceling a common factor): If the given functmn

ontains a surd then simphfy it by using conjugate surds. Put x = , after
L

Product Rule:

li :
x = all(®) - g ()] le_lfa f(x). lim
simplification. |

x—>a 8X)=£.
" Constant Multiple Rule:
m V2+x—42 -
Example 2. f-imruatf;_t_“__rf'ﬂ : ' % lf;]a [k f(x)] = ks hm

' Quotient Rule:
0

The given function mku form when x = (), Sl lim
lim }_’gx!] _x—qf/®)

X—>a X li
) .rE;»nag("‘

af () =k ¢, where k 1s any constant
Solution
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integers, then
. Rule: If p and g are 1
6. Power .

£ : L g wided that £¥ 1s a real numbe,
lim lim )| =287, proy
46 l.r —a/C ]
=t

hm

Im ; g (¥
& Giva _ .o/ () - I and __, .

lim 2/(x)—g {:ﬂ_
=

i (Hx) + 7P
lim 21 (x) — & (1)}
lim .?f{.'rj—g {_.IJ 2 —3 (J L 4

2 Iim : 5
x—0 (/(x)+7¢ vaie E) T )

Iim Iim
e L ] j
50/, 080

¢ lim
(

r— 0 /(x)+ -1.)?

1.5 Theorem on Lim lf‘v-

For all rational values of .

flj'.r_Til .: : "J?I . | " L @
~_, ~na 'provided that 'a is positive,

* !

P ff'Irjf

I'he proof of this theorem has the following three cases:
Case I!: When » is 3 positive integer. By actual division, we have

- Iim x"-4°
( HICU]H[{: EEWEN

Limit and Continuity
a4 negative Integer
Let m where m is

Case II: When n ig

i positive Intege

[hen
lim X "

E—d A—aq X—gq X

lim
= 2 L 8

Iim a — ™
______————____

= a X7 (x— )

I i m L {.Tm (j'w ]
- ——————

Xr—a X—a ,;1"'””’_}

: ( hm " _ ™ / lim l
x—>aq x- &l \EX = 7. ‘wu'”_
= —ma™"} IS '
£l “mr;rn [l_.."”n!-_'_' cdase ‘!]J

—— njaﬁ'r i =ty

= (= m)— ]
(—m) a =na""' [

Case III: When » is a rational fraction

S —=m = |

=y

etn== whe 3
Let n g % here p angd 4 are integers and g ().
Now,

' x ) i .
hn] X —a o l”-n ¥

i —>ad X—a

Plg Plg
-
__--——___

X —> al X — 1

: o 5 P
- Im ) — (gl

X —=q

X—a

Put .!'l"‘“:—‘_r and ﬂ“? = b

J‘ n n : -

UNIT 1




ﬂﬂﬂlﬂcﬁﬂ |
= Li
gﬁ’ mit and Continuit

n:'?‘ﬁ 3 Example 5. Evaluate: uity
[Using case 1 or Il depending upon the sign of A e

=£“5.F ¢ e |
q / X =% —oo F -

- EII’."'T} iy \ lim 3x—35

| X —eod4x+]-

g
w1
na Solution
Iim xX*—a" lim 1 _
=nda =

' . |
Hence for all rational valuesofn, .~ "~ ' R =
lim

|
The Sandwich Theorem b. P e
Suppose that ¢ (x) < /(x) < /& (x) for all x In some open interv; A

PPUst : P al Cﬂnrﬂlﬂmg lim 3x -5

———

except possibly at x = a itself. Suppose also that € X eodxt |

Iim lim
o (x) hx)={¢ o
I —> | > 0 :
lim ( 5

X > 00\” LI)

: [im
I‘hrﬂl .f Ifl Ir ._.-- =
2 lim 1
X —3 0o .4 i :)

0

¢ ARt z 2
Example 4. Given that: | — g Sux)< ]+ ::f}gr all x # 0, find

Solurron

4+
3
41

1.7 Infinite Limits

16 _-L”Efﬂ at Infinity

"N" gen
erally read "infinity" ;
I n
nfinity" is not o number, but is g

J- "-"]_r"‘f'-'r- B
lunction f(x) is said ¢ :
J\X) 15 said to tend tg 5 number [, (

(OF —=0) if the
i UIE ﬂl.-'.rf}l.'n"'fi."'lr d'”Lr | l
T : dl dl vIice bt‘IH"E" (x I .
e ode of limiting behavioyr
CXists K such that
lim |
: __," i.r) !r‘ or

o

When y approaches |
pproaches 2 x | _ j = ’l




Limit and Continuity UNIT 1 11
Gal sy A < Vil
Example 4. FEvaluate S e

Solution

4
: L 16 L
0 When x - 2., the function h“——l 5 lakes the form r; which is
X T okes the form o0 Which I5 indeterminate form
" [ “:‘l'ﬂ :I ..
= (, the fun Une So,
When x ‘ fung tioy, C
. But. we |
. pafe form
indetermi

L] 2 ! f | r|'I rt T IC £21 Lr l‘:l] 1' L rl IF]
L 1, I 4 | T [ :
[-l !I‘.IL Wi F!-ih Il f.- L Ic | \ 1

it finding the value of the
e In ATTHE

d
o) hm x 16 hm
i '-n .
0 does not mean ¥ = 0. Since y o g : SE 4 "
b LF LU . . ' Y
. {0 Note that x r. Therefore
. roaches (o he denominator b L L
o | v from the numerator and the d
e L -

can CAanvs

]

H2)

im 7x +X T R e =4 (2)
— A = 32.

Example 5. Evaluate:

Solution

: : I ._J'f‘ . ] t’
When z = 1, the function ‘T‘!‘-—]— takes the form {-:

= which is an indete
form.

rMminate
Example 3

Solution

. {)
Wi , the given function takes the indeterminate lorm +
|rr[_ll!'|1 = 1, LI =1 g4 JLIEEN

Now

lm 1

Example 6.

Solution

When x = a, Iven function ta

the g




| I
Example 7. Evaluate: _T:* ‘f—— ea

Solution

When x = 0, the given function takes the indeterminate form 0

Now,

hm 1/}_ 2r—1/1 _ Im +J]+ \/1

‘__‘ij 1 1—.'0“'

Irm

- .'.' :I f" .?1
t =0 x(/1+ 2v ++/1-2v)
4

Ihm

I » () I[\/f 4 _-_1] T \l'll! a-?-lnl

lim

r — ;Ii

vi+2

i
-
. ]

Example 8.

Salurion

Limit and Continuity

= R.H.S.

Example 9. Evaluate: '™ X —Ix+7
X —p oo ¥ 4+ :'-.-'l' + 3 .

Solution
im x° — 5y 4 7 oo
I
Dividing both numerator
| 7
o —

X
| +=+4=

and denominator by x*,
lim

¥ — eo

| —0+0
l+0+0 =

Example 10. Evy . m
p Evaluate et \G- {\ﬁ ~x — a) .

Solution
lim

.r _d,m'\g‘{\{-_'— X —a)

[e0 — e form]

[im \/— !lf 3( } M

- X'=)oo

~ lim _‘3[{1-1'-1-;_;]
Xeafy FVx—a)

= I!m fﬂf-l
.l' — oo \/I + m

Dividing both Aumerator and denom;

ﬂ[ nator by /x
X

_ lim
Xy a[ Jj:
X -

lim
X = oo

UNIT 1

13




MATHEMATICS Il

Limit and Continuity
Evaluate

Iim

him
x—0

L * 5
lim Iim

X—72

lim _ 2 _ im x* —4x 4
X —>»] o ; r— | ¥ -3y r

lim , : B £ 1
Iim 2 ] +x- 2x— ] E- S B i 1
Example 11. J'*'vr:u'u:m::1 P H’/ : ﬁj : X \ ;

' Evaluate
Solution
im 24/1 +x=4/2¢ - 5 lim M
Here, _, T X9 x-9
N hm "\[I ft—\/ht—f : 2\ 1 +x+4Y2¢x—1] lim Tx
.,\f:' +x+4y2r -1 = * =043y + 4
_ lm J\H*H—{’u‘ 1)
i H..’\ff_*—I *-ml

: Iim 216
L Xx—>4 -+ 4 -
Iim Hl+x)—(2cr-1) 3x+ 4
-u':w Fr+y2r—1) lim \3a—x _[x+ 4
Hh 2x +1 = X—a 4x—a) Eay
'.,a' 1)

i lim X—N&—x*
b, |..1,,'J' "1,||' f]

X — 2 "1,‘_1"' - 1-." - -.I.
, ,
hvidi ing both numerator and aenominator by 1

Evaluate

Iirﬁ ,TS- a_q

e .

a]

A—ra xX—a

-
l
"

,fi

i
N

.'-;r
| )
k

-

“f]'l X3 — {JT

C.
A=—>Qq x- il
Exercise 1.

] ;.ll'lrJ"-""
|
EH]-.;-

-
[~
Jre
Id
O
v/
L
-

[ P

ot

YAIUSIE the fi"”u;“-'- J:']"_..-_' :'IJ.J’?H.I‘-:.

-~
|
=
_—

£ lim x*- b lim X5 a'r

6. Compute

. 9
lim X+ I+
X — oo Oy + Tx

3
+2

lim ¥+ x>
A —> oo 4_}:1 =1




mm&m n
lim

T lim e G- Vr) N e

x—peo

e+ 1
v+ 1 Limit and Conmtinuity

ax+b lim ' and ™ r(3) =3, find the valye el
1

7 Iff{IJ=I_5 !.r_"ﬁf[l} —f DO * : o)
of 7 (3).

7> Very Short Answer Questions

o — e —

—

1. What do you mean by x — a?
2. Write any two indeterminate forms.

3. What is limit? .
lim * lim ? Doy o .
€L NIE d_.ru_] = -2 and £ (x) = 3, then find v — g/ %) 8(x). Y SR

= r—>a ‘4 11. 5

. Imm 3 e o .
5 Whatis the value of . (4)’ £S5 Limits of Trigonometric Functions

| gl Review of Some Important Formulae
6. Evaluate, (7 —9)/ Trigonometric rati f

105 O an acute angle 0 in ri :
im x"' =4 figure are as follows: 3 s Do riangic shown in the

7. Write the formula of , Where » 1s a rational number

—

g X— i
: : sin © =‘E cosec Bl
Im x . =

8. Evaluate g p

—5% 9 4

sec O =

perpendicular (p)

; . lim 4
What 1s the value of :
Xr— U

cot@ =

Elementary Identities

50 then find the values of n. I." sin @ - cosec 0=

IS 59

=y f e JJ'I ij.LljJ ] -i .
{ J I i £ 1 {’,
B B

Rule of Signs of Trigonometric Function

Quadrant




sin(A + B) = sin A cos B + cos A sin B

I. ;
2 sin(A- B) = sin A cOS B - cos A sin B
3 cos(A + B) = ©0s A cos B —sin A sin B
4 - cos(A — B) = cos A cos B +sin A sin B

tan A +tan B
5 tn(A+*B)=]_mnAtanB

tan A —tan B
6. tan(A- B)= | +tan A tan B

Also,
sin(— 8) =—sin 0
cos(— 8) = cos 0
tanf(— 0) =—tan 0

Muitiple and sub-multiple Angle Formulae
Double angle formula
sin 2A =2sin A cos A

<A =cos A-smn” A

Limit and Continuity

A
2 tan =

tan A = 7
l +tan” 5

Also,l —cos A=2sIn" 5

-

Y
| +cos A=2cos 5

¢. Triple angle formulae
sin3A =3 sin A—-4sin’ A
cos 3A=3cos’ A—-3cos A

3 _3tan A tan” A
tan 3A =" Ftan’ A

Transformation Formulae
sinfA +B)+sin(A-B)=2sin Acos B
sinfA +B)—sin(A-B)=2cos AsinB
cos(A +B)+cos(A—-B)=2cos AcosB
cos(A-B)-cos(A+B)=2sinAsmB
Also,

o b
sinC+sinD=25inc1Dcn5C,D
sinC-sinD=2casC:DsinC;D
cnsC+cosD=2c05C;DcusC;D

- C+ i
cos C —cos D=2 sin jDstzC
Lln C+D . C=-D
N> sin 3
Theorem 1:
; lim o
gy SIn = ()
4 lim

I g, cosO=1.

UMNIT 1

19




20 MATHEMATICS Il

Consider a right angled triangle ABC in which xB
onsi

is a nght angle and xACB = A radians. Then
isa
CB
sin8=§f mdcﬂsﬂzm

Let us keep BC fixed and go on decreasing 0, we

find that A comes nearer and nearer to C.

whenﬂ-—}ﬂ.ﬂ—}ﬂ
g_éﬂzaﬁﬂﬁ—iﬂﬂﬂdfﬁ — CB.

BA cB

= .r.inﬁ-—}ﬂnndmsﬂ—} ]

Hence, We have

m . 0=0

L. A — 0

: i cos8=1

. g0

algebraic functions, trigonometric functions also takes

{)
indeterminate form ﬁ

As in the casc ol

at some points but may have limit at those points. T

determine the limiting values of such trigonometric functions, the limiting
CiCT LI ‘ iais - (=

b : .
ﬁ.ﬂm.”;'ﬂ— as B — () plays a very helpful role.

o .sin 6
So. we find geometrically the limiting value of 0 as 8 — 0.

Theorem 2:

hm ein O
|| '1|.|| r.

| where 0 1s in radian.

Proof

Let ABP be a circle of radius » and centre at p

. Let AP be an arc which subtends an angle

v at the centre O of the circle, Let PQ be a B 0
: O M JA

tangent at P which meets BA produced at O,

| : DA e ' -
JUII | {I. I.:.'J:..I '1,'.-_=]~’- J'”H.'I i }j.'lii. Thﬂ”.

Area of A (PA «

Area of Sect ir OPA < Area of A ”PQ (I)

Limit and Caontinuity LUNIT 1 21

Now,
Area of A OPA ":IE OA. PM
OA=r
=5 r-rsm B and in right angled APOM, lf:'!’ no
> PM=0PsinB=rsmb J
- —'; ¥ sin O
: (O 2 X
Area of Sector OPA = k\g}‘{)m- >0 e
Area of A OPQ = 15 OP.PQ
OP=r 1
- :lj r.rtan © | and in right angled A OPQ), tan 8 = E:—O“lp I'.I
— PQ=rtan B l

Substituting these values in (1), we get,

' e e | 2A
— g {-""' ,.:_':-_-.-_,-
5! 51n9_2r 8_2: tan 6

or, sinB<B<tanB

0 1 2 Ay :
B, 15 S = ey (Dividing throughout by sin 6)
sin 6

or, 12 5 >cos 6

Taking limit as 8 — 0 on all sides,

lim I lim sinB} lim
o §50!2Z950 @ 200 05O
lim sin©
or, 126——;0 0 > 1
lim sin 6
0-5>0.0 "

Alternatively (Using Sine Series)

lim sinx

——==]

Using Sine Series also we can prove
x—=0 X




=

=],

1.9 Limits of Exponegt@_l_and Loy

The exponential and logarithmic functions \ I

1l natural
Jication of 8
ﬂﬂln" ITILI“”

garithmic Functions

are defined in First semesier. iy=g I ,f Sz
lim
» : 0 and
a > | then s 7 f
- g =0fora<]l. Ify=log, xisthe l
X =—poc ]I . > %
- : . O /
eanthmic function 2 > 0 and a # 1, then / / |
Iim Iim |
B, o log, x = —oc and o log, a, ] I/
¥ | !
fora> |/
Here, log, a = .
fhe function f(x) = ¢ is called the natural exponential function. The
number e is defined as
lim ;’ )” lim ,
£= [/
ﬁ _— ':":'4 .”' ’J} _‘ f} -

where, e = 2.71828. Logarithms to the base ¢ are called n

or Naperian logarithms, after John Napier, the
We use £n x instead of log, x

We state and prove the following |
logarithmic functions,

a. lim !n(.' +x)
r=( =]

atural logarithms,
nventor of logarithms and

imit theorems on exponential and

e —

numbers from n

—

Limit and Continuity

lim e —|

— ]

l]- Y —» {} X

1

lim { a I )

hjg,. a, a=> .

':' X —_F I} %, T
Solution {
: | i
a At x = 0, the given function takes the indeterminate form 5
S0,
: b x hm :
lim #n (] +Xx) tn (1 + x)
r — 0 X x—0
I\
[ lim =
¥ + ™ h
in\. 30 1 +Xx)
=fne= 1.

h. Pute —1=¢ Then, x=
limiting value.
log, (t+ 1)
log.a

[etd—1=t.thent—>0asx—0 and x =

[~log. (1 + ) =logl +1).1

lim a — | _ lim tlog.a
r—>0" X ~t—0log.(t+ 1)
~ lm log.a
Tt 0log.(1+ 1)
_log.a
~ log.e
= log.a.
3, lim er_l—ln‘re:-:l
Whena =e, weget, . g.e =1.
Alternative methods
lim log. (1+x) _ ]
& x50 X
Since,
2 3
X <1
log, (1. +x) '=x— 5 s (—1<x<1)

lim log (1+x) lim ( X X )
So, s 1—]+3—...

x=—0 X

LNt 1

fn (1 + 1). Use the result obtained in (a) to get the

=1




We have,

r A g s
7 T 3!
. 1
__L -t——-J—"J i')
13 _z_l
' -
3!

I

= 1+ x(log. a) +57 (log.a) + ...

RTANT FORMULAE OF LOGARITHMIC FUNCTIONS

| §
i

OC any positive integers.

.

i > 2
| {1+x(log.a)+57 (log.a) + ... } —1

Iim !

|

E—7 ” L

X

X ‘
57 (log.a) + ... }

. xr{(log, a) +5;
1idil e

r—3 () X

-

X 2
{(log. a) +57 (log.a) + ...}

[rm

3 0

= {n x. Sometimes we may write log x for log. x ifth

Limn and Caontinuit /

|
Example 1. a ””” e =2
r —» 1

lim [*‘1 1.

b. | R
r =3 () \ L r“
. Iim  log. (1 4 x)
x—>0 Ix
Solution
im e —1 0. "
a. x—0 x I:'_l ﬁan
 lim J(e"- i '1
x50 l EAY 3 3[
;e
Ay Aiias (Asx— 0, 3x — 0)
el Iim ¢ —1
g A —1__ where y = 3x
=3 1
L | e &1
LY==y :
. lim (5 3 0
3 x—0 X L_h ﬁ:}l‘tﬂ]
_ Tim, d8 =130 Iyl
x—0 X

_ lim (54) lim (3 =

x—0 X x50\ «x

‘_ [im ar—l
"x—0 x loga

" log, a - log, b= b}

- a

=log. 5 -log, 3

g )

I

l-'-”'.‘




26 MATHEMATICS 1l
> Ilustrative Examples

lim tan®

Example 1. Provethaty, o ¢

Iim sin 3x
Example 2. JE-u;n’ir.m:1 PRl oy

Solstion
sin 31 _ : 0
When 2 ) : takes the indeterminate form ﬁ
{1
lim sin 3 Iim sin 3a )
Bt = "
\r— 0 3x

Iim sin 3x I_lr“.‘."hun -0 |
»0 3x [then 3xr — (L.'I

m
-
¥
i
-
i

. : . ()
Kes ne indeterminate form ﬁ
sin7x lim  sin 7x
/x L SRS S Y b L T
ansx . 3 lim tan3x

:'{ — H 11

Soluson
When 68 =0, ﬂé}_fj takes the indetermunale form 0
ﬁ‘t
im tan®  Iim (sin® _ ]
a0 ¥ H—~=H[ 0 cos@/
_( lim sin @ ( Iim 1
(..H -0 0 8 — 0cos B/
!
cos

Lim# and Cormirm

/ LT 1 277
Example 4. Show that " ——C0S2
i # 1) £
Solution
| COSs x )
5, takes the Indeterminate form 7 Wher 0
I W L I A ¥
Now.
Iim |1 -cosx g = S 2
x—0 X xr — () X
s X
..p P ~heds
lim il 2
.'.|- — {I’ |i 2
(53) x4
-
sSin [fl]' ’
1 lim : x..'l)
2x—0 X
)
| = 1]
. 2 b ] — : -
lim
Example 5. Evaluate . _}E (sec x — tan x).
- 2

Solution
Here, (sec x — tan x) takes the indeterminate form oo — co when x -
So, i
lim lim : lim
| . -
r—a-E (Secx—-tanx) = =& l: C2EE | I ('I—-L“l'—ﬂ'
> 3 X—75 Lcosx cosx X—= cosx /
lim .
s . sSinx 1+sinx
X5 Cosx -1 +sinx
lim (i 2 lim :
o = SIN-X COS X

It

lim L

& COS X 39
x> L+sinx o
< | +sin3

p| —
X — 5 Cosx(l +sinx) «x — 5 Cos x(1 + sin x)




MATHEMATICS Il
Iim 5‘_"':_31__’
6 Evaluare: .o cosx— |

B ...
r—30 cOST—1 0 :
km ~(I—cos2x)

= x—=0 —(1-cos2v)

(ﬂ*?—")i

lim 2sin’x ” lim X
= R Gt 1 =
0 . af A 1 """ i l
xr— zsm'(:;) 5,”: :
1 4
—

lim /sin .t') .

-

'4 X
lim | sin3

X
5—=0 x
= il :I !
\ — ’
I‘
4.77 =4
|

> Tyal Iim sin ax + bx
‘ ~vaiuaic : ‘
Example T r = 0 ax + sin b

Solution
n sinaxr+ M [0 J
e | o Iorm |
" cTn X | |r|}
™
SN did I
'..I'I-'; 'IL"“ -'I
|
lF
SIn M I|
S sOx: Ul
s .
{1l
i 1]
.l:. J ™ [) !
e L SR

Limit and Cominuity

Iim tan » tan 1

Example B. FEvaluate

E =3 X —y
Solurion
Iim tanx - tan y 0
X =y sy [l._] form
sinx siny

lim cosx cosy

PPN sy

lim sin x COS V¥ — COs x sin y

=2y (X—y)cosxcosy
lim  sin (x - V) I
t =2y (x-») cosxcosy

. lim 8$in (x —y) lim ]

X=yV=~3{ x- Y X—ycosxcosy

L II‘_l ( lim sm@ O
COSycCosy\" 650 5] __I)

= sec” y,

Example 9. Prove that o HET V1-—x

x—0 sin x = L.
Solution

lim A1 +x—/T_x [0 fum}

x—0 SIN X 0

0
% Iim gj]+,r—'\fi-_rm+:r+‘\{l—x}
x—0 sin x {"\[1 +.1'+*~JI - X)
lim (1+x)—(1-x)
¥ =0 sinx@[1+x \J1-x)
lim 2x

o

x—0 sin x (/1 +.r+‘\l_l—,r)
lim x ]
.r—-)OSinx'-\“ +x+4/1 —x

e L] 2

= 2 X1

|
WL\ 1+0+ﬁl-m
2

.
&

|

JRTT 19
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Limit and Continuity UMIT 1 a1

n
S0 MA : - o
lim x/_‘,_a__-—*-—'-—* SOtV f.-mtln :’: sin ﬂ'i:::w :h ) |
valuate .. _, 0 +f1 —cos ¥ e .
gxample 10. F 5 (sin i\
tO+6 " AL 'J
S A AL A
,Wr*m s 1 o i — 0 sin 0 sin (6 4 h)
| P
x=0 m cot B+ 0. I
. 1 sin ©. sin O
m __€ _— :
= . X : ol B+ 0 cosec™ 0.
x N O 2 Sl;n-_.l co l COSEC
2 Alternative method
: Y I I hhm xcot -0 cot 0
e =1 . = — C cot x 0
= X lim xcot®—-0cotB +0coth -0 cot x |
- =] | _7_:. 8 x—0 x—0 .
lim € - e < lim  [(x—8)cotB+8(cot & — cot x)|
S x50 2 \/: sin5 F x=0) x—0 |
: I hm [(x -0)cot® 0 cos B cosx\|
m, € = : - . 9| - i F : . )l'
- e x X —» (x —0) (x—8)\sin® sinx/l
= V& x—0 2a lim sing : . e
: 2 ) lim {cul 9 0 (mn X ¢0s 8 — cos x sin 0]
5 0 x x— 0 x—0 sin O sin x |
- lim | sin (x — 0) ] |
= | 1cotB + 0 . iy —
Bor x—>0 l (x-0) °sin O sin x|
"r"l" I~ 1
i = cotO0+0.1.— .
\/- : sin ©. sin 6
Irey . -} {'; ‘{1I X 3
Bt i Y cot ¢ GL —. = cot B+ 0 cosec 9.
Example 11. EVieEg 50 x- 2
Example 12. Evaluat hmg(os
. vaiuate: 2% ThaoE
A0 ot e - 2 =02 =1
rCOLY— ———= takes the inseminate form 5 .
0 Sﬂfl‘ffﬂﬂ
- T 9+hwhenx—06,4—0 lim (3~ - S ds
x— 02" o Yo
2 : 2x
(3 = L hmiif3™ — 1
lim s 2 2x—->0\ 2x
— 1 == g
cot (6 + A) 1—>0(2‘ 13) A Emen =
% p—— e —— X —_—
3x 3x—=0 3x
) — ¢ ‘ ) :
| !1_._| ! = _2— 10 ]1 3 - llm a - l —_l
3 log,.2 ¥ —0 x 0g. g
= . >

|

|
| W
—
. |‘:"
— }'-‘

Il
—
=
-t

- -
L

o
o<
o

oo




E !im 1.2 e — = : - Limit and ﬂnn!lnmh‘r UMIT 1
Evaluate the following limits (1 ) L7 Very Short Answer Que

an 5x
Iim tan.

e

stions

li sin & » ; 1 : hhm sin O B
e i A - n . F © ol
I -T'O X o 0—-0 0 » I which measurement system the angle 6
- ‘- A AN 3
hhm tan »ix measured?
lim sin 4x 4. L+ 50 tannx I -
> 0 sin Sx Im sin kx
I—-.’ ey Y ™ 3
lim tan (D) g0 'y _,0 x = 2then find the value of £
Hm mn av 6# M) ' A - II'.}“
5 s 0sinbx ¥ = 3. Evaluate:
h lim sin2x * sin 6x (==
: ] ' COS DX . " T - i
: [im iinra:I :1‘: 8. . 50 sinS5xy—sm 3x a. 530 COB X. b lim tan®©
: ”yr um — COS li L
tan 3x — =X T IM  sin x : N
im (20— — ) 0T r—0 2 R S ) im  sin x*
9. x5 0\3x—sm= ' x—0 u% d.

x—=>0 x

' anx — SiN X ; _
llﬂ‘l“ i 1_1 . lim sin ax tia
S IR _ _ Sin ax 5
> x — 0 sin bx f EESNE
X =0 sin fix

lim 1—cos3x 12.
llt T Y {] J — COS 5-1-

5

lim cos mx — COS nx

seC A

lim Sec XY —< 1 . P lim 1 - cos 2x li
13. . %, tanx—1 e 5 B E50 877 o fo sin~
Lo S lim sinx—siny : x '
lim coSX—Coo’ 16. R . lim ™ I ,
15. r—>) x—y ) = o e x—0 x 3 j )
i -- lim xsin@—-06smnx _ x—0 x
lim xtan B —0lanx 18. 9 o linh low :
- . x— xX— SORX :
N r—0 t k. P ek L t:n Sin X
im ycos0—0cosx 5 im (x+y)sec(x +y)—xsecx F i . X
.~ _ o = =0 y Answers
N e = ongin 5 [im sinx—sSInc¢ L b 2. 5 3. % P
o e S “xoe (fr-qfe 5 4 kg £ g
- ¥ kb ' 2b Toive 8. 4
gl 10 1 9
X e ]
Fyvaluate (23 - 29) 2 2 25 12. E
: ax ! 13. 2 14 -1. S .
. o — ] : “ﬂ'}] % .. ; p) (7" —m") 1S, - sin y 16. cos y
s : 5 T =T * 17.tan 6 - O sec -
X3 \r cc O 18.5in 0 -0 cos O 19. cos O +08sin® 20, sec x( 1+ x tan x)
| o N 2 : . . T 2
y +x | | «2\Je cos ¢ =
a _ : 2% [im “’E:t‘ | +x) . Ve cosc 23. 3 24. 5
' ; r— U €= 1 . z 2
. 3. e 26. | 5
- : r : 27. 3 28. log, (£
| ¢ ; IIm a -5 [ i Jed i
27 e 28, = LY E
X — “ X !I- ' 8
|
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sontaining ¢ €
intcnaﬂ] (a, H) con E 09 ete,

Limit ang Continuity

One Sided-limit

whenever
X € (a, a+d). It is denoted by

LUMrT 1

. d ;;[I:ﬁ f Right -« hand limit: ¢ onsider the /
¢ 180 right hand neighborhood (a, o 0) of
2 h. Docsn't exist a@. Then L is said to be the right hand | wiad /
g 54N limitof fat x = 4 if given € > 0, there '.
e 4 exists 6 > 0 such that | [(xX)-L|<g¢g I.

-

—_ — — — L s | :
e - ‘ ‘
== [im { im ) i —
X or j _ |
fe x—at+0 ) ¥ —=3n J (x) I oy o
' .d a neighborhood of ¢. ; |
R is called ¢ [ . - ks | }
) or S :
or [ (at) R ”,f o )

, open "N 1 0.5
Any ope : od of 0.3, 0.4, : _
ample: (0. 1) is neighborho n interval that contains the poing 95 2. Left hand limit: Consider the left
X : . int @ Is an ope , : . ;
. ichborhood of a pomnt @ Is ; iJ;l N> 0 hand neighborhood (4 0, a) of a 1
neig - = 3 P Clls ' . . . ‘ ' 3
Thus & od by (a—90.a+0) W here 0 (¢ | i . Then L is called the |eft hand limit of f
noie - I - . . :
It is de S ! : : at x = a 1if given & > 0, there exists
= ~o.a*t a-0 a@ a+§ =
Letx€ (0—¢ A 6 > 0 such that | ¢ x) - L| < ¢ :
3 P : O X —3
- g-d<x<avi whenever x e (a — &, a). It is denoted g
PP lim [im lim ;
. D<1 a i == y - N, .r{l' = .
3 g by X—a—-0 S () or X — u'v’f (x) or el
“ i i 5 :
- . = 7 I B . hm
: 5) is equivalent to | x o oy
e re (0-5.a 0) 1s eq - | J(a—)or A ﬂ_,fl{a h).
| lim f(x) = £ means / (x) approaches £ whe, : e
jiscussed already, . _, , J(: One Sided Infinite Limits
s WE OAVe Ui VK 71 12 vervu e .
g is verv small whenever [ x alis very small, [, I ?
. (1) | 1S Wl Y o -l o . e "n l ”-n
pproaches | £ (x) — £| as small as we please by choosing , Example 1. Evaluate 0o x and 0 =
1T ".}_!Fx'a' [ 1A e . SRp . X = : X = X
bonigds iciently small. This concept gives rise to the A
sutficiently SIIk Solution

side, the value of

f :|'_|T]:! - . -1 * : I
AS x approaches Zero from right  areé positive and

. £l it [ \ ' 'f![]ﬂ . .
10.1Definition of Limit (€ 0 Defini ) becomes arbitrarily
Iim |

borhood of a [,.’r‘{.‘.'.:' may or may not be deﬁned e
el 1 .o

fined In a ne1gh x>0 x
) = £ 1f for every € > 0, however small, ther

large. So

Again, as x approaches zero from left side, the value

| :
of % are negative and

Sarm lim
: becomes arbitrarily sma]], So, L o0
0. X0 x '




Limit and l‘.’_;nntlnult\; UMNIT 1 a7

Lim lim
f(x) f(x)
e Y "r i s 1) | s
: 1 b ¢ |
| . _,""“ Fhus | Htl.‘I 0>
‘ him "
| Emplﬂ':i Bovinlumte - B
! l Solution
. O - .
g " We have | '
| {
nm‘r-—laj l']‘“ i :
- I ~I LA .
hm f(x g - T
ir(imr-lﬂ.f{'t}-:'t 2 Let i
: Now, nght hand bimat st » 0

: les
@ Wﬁvf__Ex_mP m lim .- Lhim )
/_. S8 lA . L ) — fFix) u 0 .

s [ | |‘~
. fallowing it and ‘
valuate the 10
Example % Evalu
A s L) i

| Iim

him x

lI‘ﬂI - = : & |I r ‘; I ] |
Ir+I)=- - . .o
r—1 1 show that COMESPON £ > 0, th x =0
. it W Dave o : \ |
To ;-gﬂ!} the resull ; Q e ' |
exists & > 0 such that [ (24 \ . o cnntiih ) is given Left hand himit at x = 0 1s
= have to find the Vailk ' lim hm "
Here, we have K f(x) i
Now, |(3r+5)-8/<!t x— 0 r=0D 23
Whenever [3r—3/<¢ im
£ 1 -l i
x=4i<3 Iim
(-~ 1)
- ¢ 1 » 1)
Thus o = T :
|
] (W v .
P oY . ; > ol atxe=g Thus lim ~ hm
Exgmpfe 2. (alculate the immuls 3t [ : : AN A - r =5 [) AL r - 0) /AX)
' lim lim :
Solution > a2l
. 80, . . o f(x) " q does not exist
1 hand limit at A () 1S b > r =3 0 X
lims im The gl’:lph 1s shown ;]lung side.
T ' ™~ | -
3 () A/ i y () T \[
0+2
g |
Right hand Itmit at x = 018 I -
1IT]
| : (.31 7 :
=0 o > X
Ix0+9
( V.
) = -1
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' 4 Limi and Comntinuity UNIT 1
1.11 Continuity
Introduction
A flllliftik1li whose :.:',r;lph can be drawn without lifting the pencil n
ing tn encil in a she

«r 15 CONtINUOoOUsS Or SImf .Y
pape r smooth. Mathematically, this situation anscs

function is defined at a given point and its limit al the given point €X15
s AL [

is equal to the value of function at that point. Otherwise the funcli®

, ™
+ 1 forr = : ) . | : Yt allv : -
7= 7 atx=-2 discontinuous. Pictorially, graphs of discontinuous functions consi w

J@=F+11 for x <

disconnected curves. Let us look at their graphs and discuss their nature

<-
_!ﬁ."r-"‘;l 1‘_1
- = a
Bes for x
d. f(x) o forx> 1

-~ 7
-
=

7+ | forx -
2. Let ()= {;- forx <2

following Jimits:

hm’ 7(x) exists then find the value of &

I, 2

= [~ .
3. E‘rﬁjuawm im X
. I". Y | g,l.:
hm ,..1 o 3|] X g ' F /
4. 1--'?; 2. (1) Fig. (11)
. Iim lim
° qtlans - f-t':l‘} == " III. i = ]‘rn .“-'”.‘l
AHS“TPI Que”’___ e —— X —ra X —a- x)=/(a) JA\X) .
!a Very Shﬂrt T __""‘-H I —>d Xx— 4d
__,‘.-——"'/—_ ' ol But f(a) is not defined
1 : r A a
sfine s - f(x). ; b y=f(x)
.l- D" 1 X - - :
I

lim

- o
2. Define _, f(x)

lim |

' 11 1 ] X =2 l [j =
| , N =gt 1en find a. fc
3. A function/(x) 1S defined by/(X) =] x+4 x<I X —> I+ff-‘.' y=/(x) (a, f(a))
. ] > » ___-—-""
[ 20-310r¥ =2 hen find ] g \ @
4 A function/(x) 15 defined by / (X) Ix—2forx<3 = 3‘f(I_| Fig. (1) Fig. (iv)
liln hm
: : : lim lim
' i | .: “..‘ 1.2 I ! T‘- Lj h‘ﬂ] .F{ 1_} X—a 'f{x}?l_} aln'f{""] -".[‘.T.Tl— +TLX) F /
4 - n fin _ : S, : X —>a x—>a
L/ ) 2x if 2 [ e y — | f(a) 1s not defined
¥ Y A ?f-“ﬁ- Y
" What is the left hand limi! of ~asx— 07 | = : :
- QO (a,f(a))
|
Answers _/é.)
T b. The limit does not €Xist L) b d 2 | / :
] 5 1
e u I
3 a ' b [ he limit does not exist i . :
i . 2
# L a } };
. : | - r \ 3
od 2 ‘" 7 5 2 6. —1 | . HEY) Fig. (Vi)
lim lim im
X —> ,_—{f{“]' f\. =N a- 1 (x)#f(a) s d_? (x) does not exist a
I notdefinedatx=a

B R




chccf(;) will be continuous

. i 1
i 1 | L
or 4 LI

> I|I
s Wik

Jim Im
~f(x)= x)=/(a)
— J(x)= g 2

1 [*' . ‘_'l”]"\:j‘_i‘:rt—‘ti {L] hc tile nece%
) can vk :

1OLS at X = d.

£(y)and

atx=du (ff

oLls

" I - ¥
1c .'\-.“\-[ [0 DC A

t.‘.w abow. three wndﬂmm is 1

Y =—p

i
1t L

al

lm

rto be contir

> L

[ '|~J'I ol the fut

This may h*‘Ppen :
I

niinuous

the point X =

yntinuous it

J‘H}’-‘H‘Lf

ot satisfied then the function

etion S in fig, (i)
L] aII

nf
R
l

R
i
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function 1s continuous at every point where its denominator i

a if and only i

i
'|- ‘ne
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Limit and Cominuity 41

yrem (Continuity of Algebraic Combinations)

Binctions fand g are continuous at x = a, then the following functions are

on tinuous at x = a.

f+gﬂndf £

S8

kf, where k is any number

ﬁ',g(a)iﬂ.

eorem (Continuity of Polynomials and Rational Functions)

the real line. Every rational

polynomial is continuous at every point of
s different from

B The function f(x) = x° + 5 is a polynomial function. So, it is continuous

inite and equal.

at every value of x.

: x+t3% . .
The function f (x) = T—5 is continuous at every value of x except

x=2.

Theorem (Continuity of Composites)

1If fis continuous at a, and g is continuous at f (a), then gof is continuous at a.

Types of Discontinuities

i
N .

.x—nz f(x) an ﬂ—f(x) exist but e

lim
> a‘f (x) ?5 s f (x) then f (x) is said to have an ordinary

discontinuity (_|ump dlscontmmty) at x = a. The height or jump of this

e £ (x) does not exist 1.e.

lim : ST
Ifx 5 f(x) #f(a) then the function f (x) is said to have a removable

discontinuity at x = a. This type of di;s.continuity can be removed by
redefining the function at x = a.

lim :
It xX—a f(x) > ® or — « then f (x) 18 said to have infini*

discontinuity at x = a.



Limit and Continuity UMNIT 1
Right hand limit at x

lim
_E-H.tl

x—

Andf(2)=""5 =%

=4 0 i
- —n» —n Which is an indeterminate form

hhm

So, L) [ (x) # f(0) and hence the function f (x) = "—__j. 18 nat

s

continuous at x = 2.

x -9
lim

+ () are finite and equal. Example 3. Show that the function f(x) =4 x—3 e

% 1S continuous at x =13,
7{x)and \

> | 6torx=3
lim f(x 9 - Solution
Jetatd .

W i) exists and 3 e '
()¢ _ Left hand limit at x = 3 is

—

iim_1t hm 9
+ 5 944=1 x—>3"" x—3 x-3

=SS (x —3)

lim - -4 iy
lim ) =1(1) (x+3)(x=3)
r |

=4
Hence /(x) is continuous at.x = 1. lim
= (X
X =y 33 { )

-

.l"b"‘; . - . — 0 :3'!'3
' g-'iﬁmnplez. Is the Iimr:tfonf{.r)fr_z continuous atx = 2 i
 Solution Right hand limitatx=3 is
 Lefthandlimitatx =2 is im o lm 2o
Ay bh:rf” lim x*-4 x—>3-" 3¢ x—53 x-3
| S 32, X2 - i e
xr—2 .rf-;z X b lim +[_3;~r3)(1_3)
m  (x+2)(x—2) x—3 (x—3)
xr—2 (x—2) & lim
4 Irm S0y -_I‘*}Ei (x‘i_:})
..r—}j (PII”) =3'i'3
::2-,‘-2

=4

lim lim
vy 3 f@and ¢ f(x) both exists and equal




v e contnuous AlxX = I

=4

function f (x) = T B

EXEmPfE 2. J-'1 LOE

Solution
Left hand Iimitatx=2is
lim lim »*—

f{IJ 5 r — .

— B

r—2

hm (_1" b

r—2

o

ontinuous at x = 2

f:'-ﬁwlmllll”," of the runmiﬂll ]‘

29

L -3

Limi ang Continuity

.]{ight hand limit at .

lim
_#_*z'ff.r}

-

4

)

% x—-4 0 g ; ] 4

¥And f(2) =5 =7 which is an indeterminate form
. +

lim

0, . _, 5 S (x) # f(0) and hence the function f (x) = |

~continuous at x = 2,

E29-\ .,
pple 3. Show that the function f(x) = J =3 forx#
6forx=3

B

~Left hand limit atx =3 is

lim lim

X)) =

_.t"—‘]
x—>3 x—3

(x —3)

T x—3

lim
= bty (i3)
=3+3
=6
ight hand limitatx = 3 is
lim lim 2 _g
e —> 3+f(x) :x B ey
_ lim (x+3)(x—3)
x—3 (x—=13)
lim
=13 &)

=3+3

im
0 3+ f(x) both exists and equal.

is continuous at x= 3
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5 the conlini

Example 5. Discu

—

U S

.J..J.‘ - . 1

L ()

Solutron

we know that for all real x.

I

it x>0, we have —x <xsin—<3

r'HIi
— 0 on each of the e

|
I aKing
- ¥

o Iim ]
= r— SN , =0
[im
Hence, J :

r—0 4 .*TH}_;' =)

Similarly, ify < v

Jrr_-'n
P

Takine
) |

0> lim =%
Iim

Hen
C'f.',r -~ U  § 7| § ft ()
A i

ehave—y >y SIn=2y
e

— 090 each of the lerms, we pet
» L,l-_‘ .

Lirnvit mrird rJH"'ﬁlﬁllﬂv 1T 1

,\[.u..f”” 0

gince left hand it functional value

right hand lirmit

lim

i\
vlatx =g I | “l““ Ao s 0" J X)=[(0)y=0,
(.1} i ; ;i i s 1 i
fix) 1% continuous nt ()
‘ | le 6. For what .'.;“]“"‘ of k is the following function comtinuous at r
1,L1: Exnnﬂ: j;-'". § i 0
. X
f(x) l g~ 1
\ A x = |
¥
Iim _
| ,.I'HH'H" . P
(V) f 'I.} = \ ."ﬂ' m X i
=l 0 r;mu| £(5) i
lim y = _ |
(%) *(x)=0 _ lim (et 'J[I.—Ij
& T x—1 (x—1)
0 |
| Iim
= (x+1)
r —> |
i1 0 {) X
— ’ 2 i ;- '
is continuous at X = 0. 5
nis ,'-I-"“Ij;' Ir;J”L'“;”” ,’\"d f't ! ) = ;i . : |
| Since f(x) is continuous at x = |, so
whenx# 0 : > i
s PR,
al { fir i _f{ i
WIHNEN X = {) g I i
k=2
.'lr- —{ ] 3‘x1 Y 1
[ gxample7. If a function f (x) is defined as f (x) = 5% +3
4
Discuss the continuity of function at x = 1,
e Evy Solution
Left hand limitatx =118
lim hintal s
-J{x) = T2
_t'—-}l-“} .1‘+—->I{ )
=3 x 1*+2

Ln

‘]' . & .
Right hand limit at x =1 is

lim lim
E l"f(”'_ B ) (2x +3)
=2x1+3

b

lim !
I-{crel__} I J(x) and i

x — 1*/ (%) are finite and equal.

lim

Fras lf(.wr) exists and lim

So
X — lf(‘r) =3.

4!

s

if x<1
if x>1
if x=1




16 MATHEMATICS I

. Z 3 -t'qj
e defined by J (¥) ) for i
Example 8. { || 2 il xh:
5 i --II ¢ ‘|||||] E“}.‘J _.-,'11* L.\r."l-;:\ E’[ 't‘ —
l v that 1he | nit I Ul ll.l_, - ST . lfﬁﬂi
eeous at v = 1 2 If not, state how can You m o
Il I LALMTLITIELTE -
| ¥ | a.ku.
L Ji ai A |
Sorfuery
I ’ " i iy .
| . itatr=11Is I ;I.-Hur hand limit ‘,H'l =}
700 [, lim
I diddd = | " ,-" r ]J - 'j .
| J i j | e I ..1. __} I 4__'_
3 [ ! = 2 x |
? = 9
0, the Iimit of the function /(x) at x = | exists,
Vow, when i I.J(]l)=3.
lim lim
00, ) S 271
* d t — -

rience, r.".:r .’L:'r'I..'L'IH.'} 18 not t‘-.'=r1'3fmmu.\' At xr = f
2 i case for removable discontinuity The function can b
: e

.--‘ - m
[23x—1 for x<1} ade
coaunuous by re Jr,-!mm_.n: as follows: 1 2 or =1}
‘.f 5 ]
[ 2y or x> ]

-~

= _Exercjse 1.4
E T o e

i est

————

e

th warelor Il '
{ie continuity or disce

u I Ity ; = .
Points specified Hinuity of the follow

ing functiong at the

() " 4+ 249
~A < alx= | ‘L, f{ 4
- (X) =T — = -
| R =X atx =)
o/ _:-JE I = Ilrj "
4 (j, ffl):r-i_jar'r::f
¥ j 't

———

) l’. f rrl'__al — .1 4

. when x £ R L.
Y T A Fet T At
| 'j [4 when x = 2 VA
; f\ 3x
T x¥3
B h f'r‘} 'r X - H.t_ X = 3
N A —x—6 -
) I —=— ifx#3

1] f) =y *=3 atx =3
- E 3 ifx=3
= ALl . * -

i i f the functi > BOINte _
B Discuss the L-mﬂl"}“!}’ ‘j on at the points Specified
s [2—x kox xS 8 at x = |

3. SfEhSElE forx=>1 '
j?.,ﬁ'-ar:i for ,1;2231 «
. 7 v = - x=/2
. JO° |2x+11 forx<2
j?"r =} for x <2
r(x)=13 forx=2 atx=2
e | x+ 1 forx =2
r' 3
3+ 2x IDr—Eii;L'-‘i{]

Are the following f

j ..\‘.: ;4

o =132

Determine the value of the constant so that the given function
continuous at the point mentioned.

=g & ,
=3 tf 53

k 1fx=3
PJ ifx<2
b. f(x)= ]

8. )= atx=3

=1
ko oukiifn =08t =0

x4 1IEx=>9
s [2ax+3  ifx <]
/(%) 1_1 — ax’

ifx > axsS
A function f(x) is defined ag follows

2x+3 for x< |
4 o e
6x—1 for

J(x)=

x<]
S the

function [ (x '
J (X) contit 20
i 1Uous at y =

al-o 4 A ¥ l} -
ake it continyoug g X=1 1? If not, state how can you



mnction exists arl 1 ‘?. I'i 'he

fin...
ou can make I "1“”“-”“0115 '"'("!Iﬁ,i

Derivatiyes

{ nswer Questions

r ,.
il \ L0

L4
have removable 1.I'Hl‘tmﬂ'nuity at y

L o0y & horl

; 2 —
nuous at a left end point x = g of jt ==
_ ainy
: ' -4
ontmuitv of 1 A 21 mtrﬂdﬂﬁtlﬂll__ — e Y

= o ter. we studied the concepts of limits and Continuity T-h‘—ﬁ

discontinuity of the functi Y we aiill In first chapiess I 54
iuny or the function J(X)=8In— : I
x

ati=g hasic tools for differentiation. The process of ﬁnding the

lled differentiation. A formula of finding the deriy

-9 o vative 15 ca _ ative of a

¥-gididy | ";Ent;t 2 was initiated independently by Sir Isaac Newton (1642-1727) ang
' IS cont . i Sunctio i : : . ¥ - sl .

+ e continuous at x = 3 then fing ?éu;”,md W. Leibnitz (1646-1716). The differential calculus deals with the

plem of finding instantaneous rate of change of a function. To determine

. rooic = ‘ 2 : 5 ‘

o lope of a tangent line at an arbitrary point on a curve is the origin of
g2 Sl . ‘ : 3 ' -

in geometrical sense. The derivative has great importance .

i~ e Y=< s continuoys alx=2th E.
o vl DS 2 < Hcn ﬁnd a. : cﬂ!"ﬂ“b
o { HOI’H“D”
f i ||||-I-._ M A
| 2 | ( u'r:-l_.-mrrru-wh

fThere are many ways to denote the derivative of a function ¥y =S (x): The
B most common notations are

: 0y s 0f 3l prw i DO
'Y g de? l_h__z‘{.l ), D.f. 3

d. disconti e
, g SCont;
& discontinuoys nuoys

discontinuoys

“Ontinuouys

[TIE i. Ready as'y prime. =

: dy S
1. Read dy 38 'the derivative of y with respect to x',

s —

The prime notations come from notations that Ne 5

wton used for derivatives.
The Jy Motations are similar to those used by Leibnitz

Input:

j‘“”L‘“UF] Y= f{l‘:l Ty ()u[put:

: p RCBEIWERE 8 Gy
e {quramr—t--l* UL”u“w'r —Ci_

1O -

—-

SRR
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iq] value from the new Valye
et [1

L < difference. An incremeng in 5
=lv kpnown 45 ¢ |
"l.iIr A5 deciis : ‘
ed . -
rement not the product of A and x Ay
cre

I 4
fan and I

i ‘:
. - ;T‘, IJ}' ,
i In.l.f."l']rljl fl'r‘fl l”!, |

Ihen the value of de

ntinuous function. ' P‘enﬂl
At an imh*;u-mh*ni variable and Y is a
1] l Il.il. ';‘:.. 1 15 alii . : ; i ;
" \ he an ;.r.!-u.,‘f"\'ll'”t"”l‘ mn 1 L”rTpr[_)nd!ng tn a‘r
=i IL. 1 I el '
dependent val iab
" ¥ .- Il-. 111 A I.rl.|_ll.5
! I ,-" |: ] |I.
! Then., A3 F (X Ar
Ll [I“Lllf. .

Incremental Ratio

. A
y - & ) [R5 B - -—E &
vanoes to v + Ay corresponding to change of x to x + Ax, thep Ac e
led incremental ratio or quotient of differences.

Definition of Derivative

) be a function. If Ay be an increment in y mrTespondmg to ap

il A e fim .:i*_ if it exists, is called derivative of y wi
i At il A, u Ar— 0 Ax

dy df (x .
spect o x and is denoted by dy - 1t may be denoted by “%—)ﬂrf (x).

INOCESS

f finding the differential coefficient or de

known as the method of differentiation from th
lirst principle

rivative from this
¢ definition or the

L ! |1 1<

22 Geometrical Interpretation of Derivative
lLff J /' (x)
function. et

be a continuous

represent a curve as

shown in figure.

P(x, p) be 2 point on thi
let O (+ 4 Ar,

§ curve
4y) be

or,

et the point Q move al”‘“&‘. the curye SuC

.arer and nearer to P along the cyrve the
”L.. ’

p. This happens when Ax —s 0
al

Hcrlt"-'*
lim
Ax— 0

f(x+ Ax) —f(x)
Ax

lim

o) B

dy  lim
Thus: gy~ Ax — 0

I (x + Ax) — f(x)
Ax

lim
Hence, Ax — 0

f(x + Ax) — f(x) _

[he Process finding the differential
The

differentiation.

Differentiability

~ Provided that if

[hmM‘h;“ UMIT 2

h that () -5 p As ©) appr

HPI}T’H‘H_ hes fi'u:

t:hr;rd -(‘) f

= Q—p (Si(}pc of Chord QP)
£1 (x) = The slope of the langent at p_

the limit eXists

Ax = f TI},

coetficient of a function

' 2.3 Relationship between Continuity ang

—

The relation between continuity and dii‘ferentiabiiity IS stated in the foll
theorem.

Theorem: If a function f1s differentiable at 4 point a the
the point but not conversely.

Proof

51

trachesq

l'IHn?t-:T:T

1S called

Since /s differentiable at a, we have,

lim f(x) — f(a)

(x) = f(a)

..f'T(”]::c—)a x—a

Now,

W e IO e
xoal®=f@] = a[

K lim i(x)—f(a)x lim

X—=a

ol

X—>a

=/f'(a) %0
=)
lim
r= gl ®=fl@)=0

lim

X — aj (x)=¢ (a).

X—a

x__)a(x-—a)

n it is continuous at

G“Tﬂg




necessanly true. Dariy ativey UMNIT 2 53
= Dividing both sides by Ax, we get,
Ay (r +Ax)' - 1"
Ax Ax

Taking limit when Ax — 0, we get.
moAy _ lmo e
Ax— 0 Ax Axr—0 Al

dy lim (X + Ax)" — »
de x+Ax — x (x + Ax)

b o

| = [ gt }

Thus,a%{lﬂ] =

This is called power rule of derivative.

Thus,
| 7 x 5 x’ x’ l x" 5
/() 1 2x 3 4’ s
mmple 1. Differentiate the following by first principle, y = 2% + 3x + |
m |k Solution
> y=2x"+3x+1} vou(@)
Let Ax be an increment in « and Ay be the Corresponding increment in
oA Then,
y+Ay=2 (x+ Axf+ 3(x+ Ax) + 1 .(ii)
% R/ (0) | Subtracting (i) from (11), we get,
Hence 7 x) doesnot exist at x = (), Thus /(x) is not u‘iﬂbrcntfabfe atxr= 0. ﬂ:_]; = 2(,1‘ + Ar)l + 3(_1- + Qx] + 1 — le —3x -1
2 2 , 2
S, Y W e L Ay=2x +4I-(e:1r}+2(ﬂ.x) +3.t+3(&r)'--lv-lx-3x—l
B Derivative of Algebraic Functions 8 &~ 207+ ax (A + 3380
g 4 ¥ ‘_\\- 5 T i
Hierentiation of by Definition [Power Rule] - Dividing both sides by (Ax), we get.
& I|.l.- éx ! :
Ay 2Ax+4x+3
(D) ~ Taking limits when Ax — 0, we get,
@increment in v and Ay be the corresponding Increment in ¥ im Ay _ lim (QAx + 4x + 3)
Ax >0 Ax ~ Ax — 0 :
| He ..
S0 Ay ... (i) QJ*1=4x+3
T A 5 e dx
’ (i) from (1), we g 4
SGtayy_
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lim f(x+h)—f(x)

f(x) “h—0 h
~ lim sin (x + h) —sin h
~h—0 h
x+th+tx _fx+h-h
lim 2““5(. 2 )'5‘“('——?.—)
" h—>0 h
. h
| him o (+£1 SNy
“h—0 Cos = IR
2%

= cos(x + 0)

d

A (sin x) = COS X.

Derivative of cos x
Let f(x) = cos X
Then, f(x + h) = cos(x + h)

By definition of derivative, we have,

lim f(x+h)—f(x)

f® “ho0 h
_ lim cos(x + h) —cos x
“h—o0 h
2 sin (A Eeh i
“h-o0 h
§ h
— R l'hl
L 2
=—sin(x+0) -1
=—sinx

% (cos x) =—sin x.

Derivative of tan x
Let f(x)=tanx
Then, f(x + k) = tan(x + h)

By definition of derivative, we have,

4_4



LA t-iré {tan x) = S€C 2
) j}en'vam't* of cot x
et/ ()= ot
‘mm,f(rf /1) = cot{x + 1)
By definition of derivative, we have,
: lim f{x+h)—-7(x)
S =0 Ji
. fim col(x + /i) —colx
h—=0 /1
cos{x+/) cosx
B s+ ) " sin
=0 2

= lim sin x cos (x + &) — cos x sin(x h)
=0 a-sin(x + ) sin x

m sinfy—{ h+x))
=30 hsin(x + /1) sin x

hr” Sin ..'| X ,F;"J

=Y f-sin(x + /) SIn x

Derivatives

sin (— h)
~ h— 0 hsin(x 4

N0 h-sin(x + k&) sin x

ey B ) " sin(x + h)sinx |

; = r—— sl
- : cosec” x,
Sin x « Sin x PN

P
xX) = — cosec” x.

a—i— (cot

perivative of sec x

Letf(x) = secx

Then, f (x + i) = sec(x + h)

By definition of derivative, we have,

lim f(x+h)—f(x)
- h—0

~ lim sec(x + h) - sec x
h—0

~ Im cos(x+h) cosx
“h-0

A lim cos x — cos(x + k)
h— 0 hcosxcos(x + h)

g (.r+x+h
I IR —————n
~ lim
h>0

j : (‘C‘*‘h—.
. 8in

h - cos x - cos(x + h)

=

25in(x+ l

“h>0 ' COS x - cos(x + h)

= Q1 + : A
Bl 6.0)] COS X - cos(x + 0)

_ Sinx
COSX COS X

=1fan x - sec x.

He (sec x) =tan x - sec x.
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Summary

1 -g—['sin_r.‘l COS X

dx

d ,
- (CO0S X)=—8INX

dx

-g- (tan x) sec’ x

dx

-(—L (cotx) = cnsec: X

dx

d
-— (sec x)=sec xtan x

dx

d
== (cosec x) = — cosec x cot x.

dx

The derivative of the trigonometric functions that start with 'c are
negative.

2.6 Derivative of Logarithmic and Exponential
* Functions

1. Derivative of In x
Lety=Inx
Let Ax and Ay be the small increments in x and y respectively Then:

y+ Ay = In (x + Ax).

| f.

L | I : | - e P [ .’. + et

,‘h ’j__; 0 1 _ 2 cos |: Y 5 ? 1 . Gy .‘\'J-”{.T ;]') W-’ ﬂ_} n (1 .{:LI'} )

) . f - ﬁ ﬂ_’r’ — [ﬂ {.I' 4 AI) -2 Iﬂ_t'
_' 4

b, = ']l
- i sin X - Sin X

Iim

~ Dividing both sides by Ax, we get,

_ cosx I
sinx sinx ’ Ax
==

=—Col 1 - Cosec x ]
Ax Ax

o d |
. __ﬁ dr (m _r} ==0C0lY COSec.x. e Tﬂking I]rﬂ]t Ax ~ 0 on b()th Sid'ﬂs,
: k In (l - E)
lim Ay  lm X
Ax—50Ax Ax—>0 Ax




,
|
x‘ SRRy = o * A
; OIS =a" - a™ —
Of Ay = a" (o™ - 1)
Dividing both sides by / .

By _ o (@ -1y

Derivative of £

sall increments 10 A I-Jr.ll,fi j"(iﬁpbl:lj",c]y- The
e smal n,

daking limit Av — 0 on bot
lim Ay lim

RS04 A0

lim -

——

Ar— 0 Ar

-
|

Hlustrative Examples

ple 1. Dlﬁ&rﬂﬂllﬂt& the followin Inci

8. 4x+5 & by first principle (definition).
I b. 32_ 2x+ 5§

3 a1 w1k

Ay
Vx

PEAY=4 (x4 Ay + 5
VtAy= AX+4Ac+5

.. (i)




MATHEMATICS "
. B,‘r' ,_l,_rﬂnmurl: ol dr_'ri‘-':m'.'L
dv lim Ay
df "i?. %+ 1) Ax
lim |
o - —_— F
axr =20 (x+ Ax + 3) (x < 3)
- 1

o ——
(x+0 + 3];_1- ' 1}

A1)

in.A ..'-'||.J. 11 f"h‘ cOl

) (v + Ax) + 3 |
' : - {. Let v
1A 2 -5 ...1) .\ﬁ

2(Ax)
Also, let Ax and Ay be the small

responding mncrement in p Th
L . En

IMcrements
of x and
Y respective

_1.-. T J‘l_‘l =
X + Ax

f.}r"l .'11'.'[}__' holh 510658 b /LAY
: !

Ay 8 ALY " . : Ay =~ —
_..-I'.. ¢4 (AY) | ! ,1‘ m _\ﬁ

= (11 L

B .
Making limit when Av — 0, ' l@ Gt "J_\
Y X T :’if
P - Vx Wx+Av) " fx+¢

Nlim Ay Iim s
fﬂt-—!ﬂ Ar T Ax—0 (O 77 JAl — £ |
. ' ( Ay = X—Xx __h

.'-;'- " Izr _,E:&-" 2+ .
T T
‘fﬁ' . Ay

° S | = ar{\fwwmnﬁf-mu

'I lim ﬁn. lim

Also letAx and Ay be the small increments in x and y respectively Then | i
. ; Ax — 0

. |
y+4” .r‘-“d,t'l'j . dl':

il ey ;r+A:+3

i
S 4’ I*ﬁr+3-x+3

(;-ﬁdrﬁ.?)(.ﬁ 3)
Also, let Ax and Ay be the small ;

YT "ﬁy =3 X+ Ax + --—-é.____

S ﬂt*.&t+3)(_r+3)
'1}.r+&x
Ay =3\x+ Ax - d
&.}":3\‘.1"5-&1;-}- S I i
\’x + Ax hﬁ“.\!_‘x

‘1"23(M~\]})+5(QI1&_\;_)
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v n',‘!'-‘lTHi'hfﬂffl.H
i»

Now, from the definition, We have

dy lim Ay
a{: ~Ax— 0 ﬂu)
lim

- s5in A
Ax — 0 2 €08 (2x + Ax) (‘““L-E

Ax
=2c0s (2x + 0) x |

= 2 cos 2x

. dx = (8In 2x) = 2 cos 2y

dy
Example 3. Find —

I
|
i
 Solution
. We have
koth sides, we gel
I

dx from first Principles of y=1[tan

x

-
5

e s e

\flan (x + z‘h’]
ﬂy ‘\[Eln (x + Ax) —y

=tan (x + Ax) —\[tan x
=(tan [I"‘ﬁ;]l—'\hanx) x£@+ tan x)
| Vtan (x-+ Ax) ++fian x)

=—1an (x + Ax) — tan «
Vlﬂn(x+r35+\l?an‘;-.-

cus (x+ m-) cosx

\ltﬂn (x+ Ax) + e x

sin (x + Ax) cos x — cos {x + .{‘.‘..t} Sin x
1 mnaﬂ increments in x and y respectively. Thep S FRkE A cony (tan i ‘\Eﬁl
. SIN (x + Ax — X)
cos(x+&x)casx(‘\]tan(t+Ax} +1/tan x)
sin Ax
08 (x + Ax) cos x (Vian (x + Ax) + \/tan x)
Dividing both sides by Ax, we get,
_SinAx |

Ax Ax cos(x+&r)cnsx(\l?an(x+ﬁ.;)+\jmnx)
From definition of derivative, we have,

= lim Ay
R AT DAS




il 8
x

|
—
V2x -5

m.
. n.

Find, from definition. the derivatiye of

‘W sin 3x
b. cos(3x- 4)

i< In A and v "”‘-’-‘F"“”—"'Eh’. C ian —
- e ]
d '-iin: x
- -

—

e. '\fsin 2x -ﬁ{
2 SeC x

;riud, from deﬁnitinn, the derivativeg of

i &~
b. =*3

c. /n(3x+ S)
d log.x

g
LT = o

- ;:::‘I d-_}' - L." té |

Dn'rdmg poth sides Dy Ax, wWe gl | |
. ) 7 Very Short Answer Quest; o
_________————

gir A g N
¥

. j;:fi Define derivative of a function at a point
;1 ETY . ‘
2.  What is the geometrical mean;

ng the points (x, ¥) and (x+ Ax, y + Ay)?
ntiation? )

p——

[ e

“ie derivatives fron first principle (or by definition),
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H= MII-THEM.ﬂTi'L-h -

ffer iation g _ : 4

y 7 Rules of Differ entiation =

Lo 11 [ &, == .
¥ W i ‘J_ L"‘rhe[u o

anetant funchion is zero L€ “dy i

I:' 1 CLPERyae

The denvatve ¢

ar mi

? The denvallve af a sca
the den? ytive of the function
L Ll W add

"_ by) = .-;—L]I u..l‘hJFL‘-‘c
[l il ‘f,:

|.§l
. ; - & ' ' - 1m ﬂr th
d E'h » of the Ssuri ol [wo FLH'!-.”“H.“ 15 ”H. 51 X
.1 ”it' frivanyve W ]

derivatives (dSum rule).

f - F- 1C L "IL
£ s d L‘l”"."‘,.‘tF:I \i!“i I I .,.I. 'JI Lll("'l n
| & ). ild

+ ¥ v 2re functions of x.
d(u + V) ﬁ_{ § — ! where i _um‘ pare fung [1on:

dl Lii. dl
This rule may also be extended further as

du  dv | CW where u, v and w are functions of x.

d _au
E; (Wtv W) dx dx dy ’

4, Derivative of the product of functions (Product Rule)
.—.i_“r dL
ﬁ(yw)ﬂ: & T

‘d”‘ where u Jnd v arc thIiﬂnS Uf xX.

I _um:. bcn:'membered as;
| e of the product of two functions
')R{Dcnmuvc of 2™ function) + (2™ function) * (Derivative of 1" !”“GhOn]

¢ of Quotient of two functions (Quotient Rule)

| both « and v are functions of x.

- du
"’_ ’ o () d.r
dhe 5

.': | Wbe remembered as
Derivative of the quotient of two functions

d T

_ {Denominator x Derivative of numerator) — (Numerator x De
(Denominator)*

rivative of denominator)

6. Derivative of a function of a function (Chain rule)

If y is a function of ¢ y=f(n

and ag |
then the de 4gain £ is a function of X, 1= g (%),

rivative of y with respect to x is given by
dy _dy dr
dr dr dr

It may b€ extended further as

[his T€S 3

(1) 7" u!:dli!li(ln - h (x)
Ity =. ’ )

dy dy dt {ili

Then dr ~ du “dx

dy .. ) :
S fy=r+2ztlx=2+2
i je1. Findge,! . =1
*gxampP '
Solution
Herec
' = + 22+ 1
i
dy -Et—f*"--."i:"ll'
P dz dz
3z° + 2
Again
-J X=& -k 2
" NOW
]l & _ 2z
dz
B A
dx ; d: dx }}{
i S

§2.8 Differentiatiun of Parametric Fun icns

Sometimes x and y are given as functions of another variable 7, then '/
cn

called parameter 1.e. x = f (f) and y = f(1).

The derivative of y with respect to x is
dy _dy df d

dv ~ dr " dx’ dt

S s e
Example 2. Find 5~ when x = 2t
d.'l' X ﬂ 7 y b
1+t
Solution
We have
| 42
L X e,
1 +1
& _AE0EM-(-A2t  _da
: e (1 - :’)!

Agaiﬂ, y= b (1%5

— e
E i T

—
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MATHEMAT

.o Higher Order Derivatives

k. rix)be a differentiable function Then
4 3 s dery i
in ’?l' [ {I y L ¥
j (x) called the first denvative tﬂf{q with re T V3 ‘
Spect t
; dti_\r .- r) 1§ € alled the second dﬂ“‘"atwﬁ P O x TI'IL der ative
x < . ’ 'r' ;1 . ..I 0y
o9 Differentiation of Implicit Functions —_— 3 {2y Y =1 (x) with respect
e : : . A _ i cl 1o -
: nd v are |"1r‘--'|l_"=-‘--i.'l.f in i J'-Ei”ﬂ.'”l.‘f'“'r H.'l;l“("“, ”IL’.I"I f.'-'l[her d;_'ﬂn-'.L'ti DYy l.i.l.- t‘.-rf I‘-} Thﬂ lhll‘d d'l..nvﬂ.l”r e
I' VArIanica> A LIS i i Eﬂf} 1
. SRR o | P -
Warisblc is an implicit function of the othet _,l"”" ), and so on for derivatives of < f(x)is denoted by d'y e
Iy by = () then, x 18 an implicit function of y and vice —Versg ' d’y ¥“‘Order. For the ,® o
| fax | | enote it by [ (x) or o n" derivative we
Mo this casc, we differentiate each term of the given function with respectig X - d :
i ; erivatives are
Thes called Successive de i
Vatives

d)

ana ﬁﬂd = 2!
= du le 4 Ify=x" =2+

lExampie = - 3x + 5, then f

.'th’!fﬂlfh”
We have,
3 2
-2x"+3x+5

T tf:- - ¥
# Falf= Y iq—
3. Fimnad da if 2

2 v=X = Ly s ;
%ﬂaﬂfﬂﬂaﬂﬂg w.r.fox on hu;‘h sides, we LL| T)ri'fffﬂﬂltﬂfllllg bl}lh SidEE Yot ';'- {l}
i ; e L We
‘(J)*H' +3axy + 3bx) “—H?l ay —‘*d_{riv-le have,
Em . a d j ( e F dx © +3x+5)
—'—h:“ L 4 ux—ll_u-.a c! = =0 =3x" —4x + 3
d_t i.il
1y 3
dy  dr P & 2=
;-E.."-i-rra_' ¢ 35=0 - dx 23 4x+3 (]U
Differentiating (ii), we get.

dy
El'i'l’}!dr +3‘Hd_] +3ay +3b= d’y _C_i_(gl_}:
d dx li'l:)

ol Ef (Bax +2y) + (2x + 3ay +35) =0 ;
.Ef£=_2-1’+3qv+321 '5(31“‘-4.1' +3)
dr Jax + 2y - G
usr [ fmpomhm FORMULAE dy
g dx” =0x—=4 (iii)
T, Mo g -« (111
g -y E i . EO. [:I ¥eu - . Sy
L s A ' et :IHLFEHHEHHE ('“L we get,
! o ¢ ,-:.“ . . '.il-l d_‘[ (dr )

t*.d 1

,._i-;:__'.:';d (H):E {I)

Ihdl

,,x i -_ "' ""3("’ il

'i__'T
(X ...(iv)




Differentiating both sides w.r. [0X.
& 4]
ﬁ & "1

dr d /1)
=_+&;(x)

dr
dr

|

:I_—-r-
{,

-.:l-i—

By~ g ' :
Pifferentinting both sides w ¢ 1 v

T
g - dx (H [ 4 '-'ﬁj
1dx" 1 4dc° 1 d¢* i (
o — - . S22 0(2
Bder 6 dx 4 d¢ * _‘(I;J
|

i I J_ 5 l ;
=g 3t -4 +0

.__ﬂ_____h“ ‘
- f—_rl L_"‘ |I-I
= Findl i
2~ |nd{ix |t
a. ¥ =I: l['_'['j 1-1’
b- ‘].-':_f:-\‘l +
Solation
g Lety=x'(x +1)

Differentiating both sides w.r. to 'y
(- S
B -5 @)
+d ( ]+ 1 : pl .
ﬁf'—f'lt?x—l - € {I- e l}% d‘lﬂ.}
=x' 32 +( +1) - 2%«
=3x" + 2x* + 2«
B =5x'+2x
;p-=.rz\}l +x

Differentiating both sides w.r. to '¢', we get,

.
% =4 (@\1+2)

dv

Va
b 2 d(1 +x) Qﬁ . d(uv) dv
ey 4"'\{1_*"11(1Jc .

dI:HdI+U

= -'d(l +xz')?. d(1 +I1)

d1+2) & ‘TNl
| s
=3 (1) 2+ 21 +7
3
='JII? +1tm
X+ 2+
\}l+x!
3+

'\’l +x

du'

4 S tva)

&)
dx



- LS | *doc wr i
DI“L‘FE‘H:'J.I!.'.._-_' hoth s1d¢

Differentiating both sides w r. to 'y
dy dix" ~2x+1) "
dt ':lT

A =2+ 1) g s

1)

d (x* ~2x¢+ 1)

| 3 =13
3 K —2x+1) l{l\.

J (2x — 2)
3 (x* = 2x +_I-]TT
—‘\[cu': + bx +_::"
fferentiating both 'ill'.]l..,b W.r. to 'y

dx

Y
D
-(!E =d({1‘." ."bx-!'-(}
dx dx il

_ d(ax” + by + )" (@’ + by + ¢
dax” + bx+¢) T

L2 a %)
N2 (ax® + bx + c) (2ax + p)

L 2ax + b
2Vax +bx+ ¢

Derivatives

Example 5. Find the derivative of Y W.I. 10 x in each of the following

a. ax_+2ht}’+b}"+‘!gr.+"}ﬁ + =0
b. x4+, +S5xp—15=¢.

Solution

(I ])_Zt‘ T:‘(j

2_:’—,.1: r

Example 4. Find the derivative of

y=vax +bx+e

ax’ + 2hxy + by’ + 28x+2fy+¢=0
Differentiating both sides w r to X' we get

d
S (ax2+2h1}r+ b}rz+ng+ 2fy+¢)=0

2

dy
2ax + 2k (13’)+bEt‘+2g+2f-+0 -0

dy dy? dy
Zaxi-Zh(t TR dx)+bd d+2g+’)jd

2ﬂx+2hx—“ +2hy + 2byi+2g+ Zf"" =0

(2ax + 2hy + 2g) + a‘-’- (2hx +2by + 2f ) =

dy  2ax+2hy+2g
dr  2hx+2by+2f
_ &thytg

- hx+by+f




Example 6. a [1 2at, |

1
- Solution
B Here, 1 = 2a
B Diflerentiating both sid

b dr
r 53"': =2q

_,
o=
=
i
-
=

e .

Y
B

&
dr
Now,
2ar

& _dd la
dr S drde T " =1

SIS

a =2at

=

b. Here, x= o7
Mmﬂﬁatiﬂg both sides y

—

e ~4g; =3ar

)

WA THEMA TIL= I

' mﬁaﬁng both sides w.r.t. 7'

V.I.L Iff. we e
d‘. dr‘ ‘-.-..L!..

Difl'"c:rr:nh.'mn_.._r_ both sides w AN
B = (40 Lt we g
dr dr  dr )
H F'!l
p-
L ]
=011+
’( ?)
Now,

dy dy  ds
dx dr -~ dx

. 1"
f?(] s e of IR
r.) 3ar

= 2(c )

3af '

Example 7. 4.

t.h iow it l+'“




i
" i
lmrtvimtbens T 2

Example 10, Find d) when
dy * " aql . 0%t ) and el |
I"‘.}\. M "

Here,

y = al(t + sin r)

':'}'H [_(J . d(sin 'l}
/

{h"

=a(l + cos f)

And, x = 4 (] Cos ¢)
dx o449 d
dr of) Sy = ds(cos ”J[
=a(0 + sin r)
=asint¢
Now,
.l dy  dy/ds a(l + cos 7)
' dv  dvds = a-sin ¢
!
!I ” 2 cos’ 1/2
.{ 2 s8in 1/2 cas 12
= cor /2,

dy
Example 11. Fmd&ilfr’-{-; = sin xy.

Given,
P i;* y ' H F’md when y = sec” (tan \/x) . X'ty = ‘?'m.
P ljlﬁ'erentmtmg both sides With respect tg we get
i ”ﬂ'ﬁ d_x'(xz*“yz)—dx(sinxp)
,r=w."(!nu'f) ax ) +3=0A) = 46inxy) dary)
botb sides with respect to x we gel dr zd.x (.]"j (IJ") dx
S d¢5) dy d(dy
& = foce (tamy)) F g g ooy { —deu”'i(*)}
d fsec " d {sec (tan \/— ' 2x Sy dy
—L@&L )i d(tanvx) dafy *2y 4, =cos xy .:.-'--+y)
fisectian ) 4 (an ‘i‘ip : g &y
= 2x+2 -—E_ V
23“(f3"1/;)-56£‘t_‘ran Vi) tan (tan\/7) . g A\ - by Y dx "8 gy T cos xy
I 2

i
-"/"—"'Se{' (ran\f_J ian (tan \,fJ SeC \/—




Darivatirng LT 3 %1
Differentiating both Sides w g |

gyl * fnx)]  de

We g

sspect (0 we gek dx dx
yd(1 + fnx) 1 4 4 dy
or, "~ d« (1*+fnx)2
d (log X} e dy
d or, M0 _rl"“*fn_r_ja';—_|
dy y
or, (]+l"n.r]dx—l—':
dy x—y v fn
/ et — _t..
or, {I+ ﬂ_[}tir x T ['1' .]'_'L'*’;ﬂ.rl
dy yénx fn x
e atidx x(1 + /n x) [lhfnl_}'
- £n x
(fne+ fnx)y
X l+/nx
h respect to x, We get, Example 15. Ify=y* 5.2, 3x + 21. then ﬁnd‘g}
Solution
We have,

¥ =X — 52243499
Differentiating both Sides wrt

|
.'
08X) X § (52) SNt i 2
|
|

%', we have.

-

g 51D | I
j__ -_=¢"x d f,-’{."_;_j »

d
E =a}-{x‘-5xz+3x+2n

.

) J 1

i-:-"ia“xmﬂog:w; *sin (log 2 g—f =4x" — 10x + 3

=;]_r- fms(!ogu fs o (log x) Dzijferentiating W.I. 10 x, we have,
d’y d -
4 | 7 y = (4x” — 10x + 3
Emﬁﬂﬂg-ﬂ T2 5N {log x) dx dx . 4 )
~ = 12x" - 10.

= 7 Exercise 2.2
Derivative of Algebraic Functions

1. Find the differential coefficient of

(i)
y . X b rl-:
C Our) Lz
- 5 104 .2
| . - d. 7x%+5¢ 6
‘\’I"

e. ax3+bx2+cx+d f. x*-+4+.r"‘-5.r




Darlvatives uwmrr 2 »n3

1) (x" + 2) ¢ of Trigonometric Functions
Derivativ

17 4 A 3 . . . .
' 1) (4x "‘-t",ﬁ ” ’: Find the derivatives of the Inllnwmg functions.

'. & sin(px+ q) b. cos’x
: c. tan’ () d. sec’ (}Ef_’lj
b e. X'tanx . (+sinx
B za 9 & h Siml.r
B Sinx S
. i tan’sin ('\E“) J.  sec’ (tan \L_t )
SRR 5in 3x cos x . cos 6x cos 2x
5% + 1) Lk :
h- A e Bl
m. sin T
5
9. Find 5if
- Pﬂ. X+y=siny b. x-y=sinxy
& xy=sin(x+ ¥) d X+’ =sinxy
l e X'y’ = tan 1y f.  xX’y=secx?
V/3x -2~ 31:—-? = d
i v 10. Exk' ,when

X = a cos’ 0,y=bsin’g

X = 2a tan 0,y=asec’ 9

X =a(t + sin ), y=a(l - cos f)
X=a(cost+tsin r),y‘—-a(sinr-—tcost)

I
‘ Find%wheny=sinﬁand9=sxz_6x+2

Find the derivative of sin W.I. tO cos x.

: '_ €. Find the derivative of tan x w.r. to cot x.
Find the deriyatiye of W.r.L, ' in each of the following, - s
& X+ 5 Derivative of Exponential and Logarithmic Functions
e :';' y 4 | _ 12, Find the derivatives of
. ff‘ Hf. ] f { | ' F v - "‘: T, ,
fe a  /n(3x-2) b. oy’ 3
€ (@ + )/ T

In (ax’ + bx + ¢) d.  /n(sinxd)




3. Find the derivative of V-
*éﬁ Find the derivative of v *-‘;’r'.

6 P+ =4then find ff
| Y Write the derivaiye of cos r.
8 andthedﬁfvaﬁve of ¥’ - sin T
).

Ify=gip +€0s x then find ‘}i'
dy

n/t+ '-.H'Ifl = of 4

- @ H!&f‘f'ﬂ‘*l andx=r +2 then find %

n {_1" 1 )

'Ln ;

i
f

s dy
10. Ify = sin” x then find dy At x

11. Hy=coszandx = sin ¢ then find dy ‘

12. Find the derivative of sin x with respect to

13. Find the derivative of e

§4. What is the derivative of 57

15. Ify~= In 7 + € then find gy .

Derivatives

dx

COS X

dx
Answers
= 5 L -4
. a G b. \ﬁ . d. 70x"+ 155
e. 3ax + Ebf te £ 4 - 2% 4250
2R 120+42¢-10c b 10°+87 +4x ¢ 4+ 34x
b 32x" —84x° + 85x'~ 12 — 32 & 14x
X — 2 - :
ey b, =) _d6x 26 +40 2
' (x"+1) x+7) d. (x* + 1)

x—2x+3
B G+ 1)

e 6(c+1) b. 8x(dx’—5¢+ 1) (6x — 5) e 2ax + b
" 24]ax” +bhx+c
X
s s ] e : 2x*
. {H _x} . vl g i f‘ -i.LL
FX (]l —x)*= : .,"._*_
5 a -L[ I +-L] i 1 A
B 2555 b 5[\“‘:_ ]
! [ e ¢l i e
& 2(a-b) Vx +a m}
. : :
6. a 7 bis 2F 32" +2 £+ 1

X 2a
ll

— 4’ —4x)7°
4xy + 41?3— x

peosipxt+q) b, -3 cosxsin X

2 &= 8eC (3‘“ = b) (3£11’ + b)

(] +-r)COSI+2xSlnx

|
'E (Vx cos [ - sinyfx)

"b:t %
o a —
" S

g ’,
C. 6x tan” x° sec? §?

2x sin 3x — 3% cos 3x
sin” 3x

.48

1. -\T; tan(sin ‘\Fc ) sec(sin \I} ) cos \].-x




e — Sin !

cotr d

[ +1cos ¢
|
| |
¢ ) (x cotx + £n sin x) '
I
i
f
et~ ‘~
i |
) =h E |
L e 0 ir
n f
P ers Short Anner Qustiond *
i 2 1+7 N X |
6 X 7. —SinX 8. 2r—cosx | 3.
L ; |
B 45 g 17 -5 u'
: ! ,z: 7 _u’: Iuﬁ' 11. —tan | & —COL X L
D 1
132~ 45 Jog 5 15 5+ L
l - .

‘211 Derivatives of Inverse Circular Functions

In this section, we recall the some

important results of inverse circular|

L. Selfadjust property &
a - | =
b Sin SIi  r= = SIn SIN 1 8'
€05 C0S™ 1 =1 = 057! 0

Derivalives

| |
C. tantan x=x=tan tanx

2 Reciprocal property

I
o : 1 L
_ A CrasT
§. sin x=cosec
cos ' x =sec 2
b. Nisaw = ) X
L |
C. tan x = cot o
(Conversion property
ey v,
a. sin' x=cos 'AJl —x

e |
b. sin x=tan

‘ | =1
d. sin - x = cot

For any numerical value of x,

) 3 It
a. sin 'x+cos 'x=;

= A T
b. tan 'x + cot 'x=5

c. cosec 'x+ sec | x =

WO b=

For given numerical value of x.
a. sin” (~x)=-sin'x

b. cos™ (—x) =T —cos ' x

c. tan (—x)=—tan ' x

d cot” (=x)=n—cotx

tan"x+tan"v=tan_' 2Ty )<z
- l="xp)> 3.

sin ' x+sin”"'y = sin™! {x\h =y +y\’1 = x“}

cos 'x + cos 'y =cos | (xy-'\[l — X ‘\“ “F)
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Jar FUng LIONS.

' 1. Derivative of sin”' x
5 | LCI}’ = Sin ; X

Then, sin y = x
Differentiating both sides w.r.to r. we have.

e d
"d—r(sm yV) dx %)

d(siny) dy ]

of> dv  dx

(i)
dy
or, cosy- - = |
| dy__ |
f 9L dx cosy
]|" ] _ 1
;‘ SRl —sin’y \1-°
f d -] |
I -&r"(sm x) -\j"—]T-—r;
!' Similarly, we have
- ___1_1_1 rl 2 If;(cus'lx)=-_‘l—'l:—j, FAPS S
5 :
d = |
S (tan ) =1, xe R
. d -1 |
4. 5, (cot x)= S & xe R
3 B {f 5 d ~ Yooy ]
k-0 sin? | f gy (sec x)~m = | > 1.
2¢0s | ) t5) 7 / U -1 =]
= 3’ 6. dy (cosec ' x) = " m S -
=-..L. : - -
o 7 Tlustrative Examples
.' . s
'T__"' Example 1. Find from definition, the derivative of In cos™! x.
Yi-sin)  Solution
=_}_L- Let f(x)=In cos™'y
v _,_r‘ :
Nexs, We have, f'(x) = m  £(x+ h) —1(x)
&m lwcwmedcnvﬂn'rt .‘_J.f ”!r{,f"-l_""." 1l: fi J k '_}O h
u vICUIEr Tune 1008 1<1 . gEg .
VIS using differentiation "o d (I 0os™3) = im  Incos™ (x + h) - Incos'x
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Emmple 3. Find the derivative of tan ! T

Solution
Lety =tan '’

Ditferentiating both sides w.r.t we get

d
El-x = E‘T(Izul }.t'll

dx
_d(tan_ x') d(x’)
| d’) - dx
- 3x°
1 4+x"

.o Gy
Example 4. Find dy When y =sin™ (35 4x’),

 Solution
[ Given,
| y=sin"' (3x — 4x")
| Put
; X =sin 0 e (1)
’ Then,
r, ymsin_l (3 sin 6 — 4 sin’ 0)
 or, y=sin ' (sin 30)
I 30 .. (ii)
‘ From (1),
B
e —do (sin B) =cos O
From (i1),
St | d d
Solution l E”g =->(30)=3
L‘cty.--siu"ir’. .
Hﬂhmﬂlﬂﬂg poth sides w.r.L. x, we get v by Chain Rule, we have
o | 5[_2 s dy/d6
= d;:(_sm X) | dr  dyv/de
_dsin™y) 4 —
di iy cos 6
=TL— 2 = __
1,’2, (P) \/I —sin“@
b i~y :.,, - . [
i
dx |




Alternatively,
We have,

o 2r
y=tn (;“_’ >

Sﬂppaﬁc, X={anf
s+ Now, (i) becomes

- ? tan
y_:m-; < lant

oL, y=7g

01; }‘ - 1? !4?” I IJ J‘.rJ e

fan

I=fan°g) ~lan

(lan 20)

Derivatives
Differentiating both sides with respect 1o «

dy

B "dc (2 tan 'x)
=2EE‘, (tan 'x) =2 'I——]—;-r)
. dy 2
Hmcc' dx i I + ¥
' Example 6. Find the derivative of sin ™’ (1 =23,
| Solution
Lety =sin™' (1 —2x%
| Difﬁ:renriating both sides w.r.t. X, we get

f' gf = dijf {sin”' (1 — 2%}

d {sin ' (1 — 2x°)} d( 1 ﬂlrz_)
d(1 — 2x% 3 dx

Vi-(—27) '{dr{”"z'x(”}

— I — -
_'\/l —(l.=2¥)" (2
I
q\(-]_— | +4x7— 30 %)
] |
‘_\/41,:(1 - x°) G

|
T2 O
>

Example 7. Find the derivative of tan™ (1 iiggzgxzx)
y = tan~! (—SI0 2x — =12 sin x cos x
Lety=tan | +cos Zx)_tan (1 +2c052_t__1-)
-1{2.8in x cos ¥
— |
A 2 cos” x )
L tan_, sin X
COS x
=tan™ (tan x)

R

- Now, diﬂ‘erentiating both sides wr.t. X, We get
dy

=)=

Usrr 2

93
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; Exercise 2.3

find the derivatives of the following functions:

:;EL . sin"‘l xJ h. COS 5 -\/';
¢.- sin”' (3x — 4x’) d. |

i

(4x” — 3x)

=

. : D S Sin x
e, tan r(_?] = ) 4 tan”' —-—~—)

1 + cos x

B cos! (155). e

A
. -] I = CDS X
# e (\f I + cos J.']
i
i ..fﬁnd the derivative of

h,fﬁ, In (sin™! x)

. =1 =535y 2x
- !| tan " x + Sin (] x,_"’

=%

3. i!' Find the derivative of tan”

' x with respect to cot ' x

(ﬁzl) with respect to tan ™! (3): Jj) ;

- _fj.-. Find the derivative of cos™!

mj‘ Very Short Answer Questmns

R
iy !

!an_? H'l 7/

Write the derivative of y=

‘{ 2.  Write the formula of derivative of cot ' x
mﬂ ’ '-~:-

| 30 ] md the derivatiye of sin™! x2.
4 Answers
-;{4:- 2 o

P o

Thus p=3+2

"_:;.tg

=Lk oty = — — 3
| | ; BT S
fr} {‘1' ] : ".- 2

“ ating boms;desur!z We get

T res
-+2) 4

—h%l

- i

I{L: Short Answer
S




ara TMEMATICS o

' Hrp.«-;-hn.’:}- Functions

i
{ ol I

ctions whi

The ."I'I.If”""h' e

(1)

) have properties similap to

-h are ck }H{‘f%
lo

L ah functions are related

s @ Moreover. sinh 0 = 0 ang Cosh ()

sinh (—¥) = — sinh x.

= l

i cosh (—x) = cosh

‘We also have
g R

| lim inh lim =
, Sinn x = =8y
F Y —co <
Iﬂmh‘?“-::w
lim
X — —oo

thy

sinhy= lm o

lim
the above figyrae




'T.R AL
AtA THER b ri#ﬂthlr of tanh x
f

sinh X

y 1'.L‘!:-.£1l'”

et tanh x cosh = - Then.

dy d Slnh_.E
dx dx \cosh x
cosh x LB
T dx (%inh%) = 8inh x4

{m\\

- cosh x cosh x — Sinh x

o relations:

 abtain the followll

L'.:\-.I"r ..‘1 ‘

cosh” x

nhy qimilarly,
v+ cosh A sinh ) LSI"”' urly

.
A h
u__.|:‘|] I ULl ;

I’ C ‘\-ilf ]

dx

. ’y
L_L‘I.\"

unctions

2] 4 L {
913 Derivative of Hyper bolic ¥
. A
Werivative of sinh x

L

.y::.'mh: Then

Perivative of sinh'x

8 . gy
chcc,&‘;(smh x) =cosh x de \“ “*';

" ; imilarly, we can obtai
Slmliar!y,atf(msh X) = sinh x. n

cosh*

Bijence. 4 (tanh x) = sech?

g l

_El_ oy 1
dx (cosh™x) = 1

~ cosh’yx = Sech’x

1

lir fUUSECh .1') = — cﬂSeCh T cOth 2

perivative of Inverse Hyperbolic Functions

,(x>1)

Sinh (Using quotient rule]
x_—"""ﬂ--{

;
a




Differentiating both

.E.Il' Jll {tanh
dx

|
d {tanh Sin )t

| Dorivativas UMIT2z 101
Sides wop ¢ X, We gy

' (sin x))

L |
d (sin x) HI;”‘“" X)
|
( | — sin? 1) Cos x
COS X

——————
COS X

. Examples
Illustrallye Examy
[l

led4. Find the derivative f Pl (o -
Examp of 2 tanh (ni)
mﬂﬂﬂ

2 | 5

Let y = 2tanh (tan :;)
Differentiating both sides with res

dy d

pect to X, wWe get
_._f -1 X
e T ‘2 tan h (tan ‘2-)}

= coth x

f 1 Ian <in I’I
B > - F W—— r-__ EOIEE 2
.&amp' d@ 2. Find the derivative of A
il r" :-': 1

| : im on

Let v=Arc tan sinh

{

| %
T 2 e sec’x. L
| — lanz'{ 22
={an ' (sinh x) 1 5
| 1w F P w ! 3 7o |
Differentiating both sides with respect 1o x, we get =
SCC =
dy oy . : ec” 3
= 5. (lan sminh x) = £
o 6 o2
d (tan' sinh x) d (smnh x) ‘ Sin >
a d (sinh x) dh 1 ] _-——l—;
| COs E
‘:_'_-—-—-—-.-— u.}~'
I'+ sinh* y - €050 2 ?
cosh x S X cos2 X
:CU"h' ; 2 2
AT | — —
T A n. £ 2 X
£ I8 = sech y COS 5 —sin -2.
Examp!e 3. Find the derivative of tanh™ (sjp » )
Solution
Let

» V= lanh™ (5 )



rmli'l'“l",lﬂ‘ T 9

' I’
rnl sinh— + cosh —
(¥ | o

= Exercisg 2.4

Find the derivatives of

1 In (sinh x)

- In (Cosh 2x)
cosh x coshy-'
; 3. e 4 ry X
WE ECi s
= d | " |
inh ~ x — cosech™! «
5. s 6. Arc cosh (sec x)
1 fo: ;
‘ inh x .
7> tan (s ) 8. cosh™!
o VA 1) X

(sinh x)
coshg
X

4 In X
9, 10. (cosh i”-)
: 1

nhui :
11- ,rm ) 5.2 (]ﬂ x)i'mh x

E? Very Short Answe

r QIIEStans
1. Express sinh x ﬂm

2. What is the derivative of cosh y?

irt 1}

3. Write the derivative of sech x.
L 4 What i
Lﬂ}' s”]h 4 “nf :

Tmmn[ﬂlnj on ”1”."-' Hfu‘lL'-, wWe

IS the derivative of tanh~!

Answers
C gel -
| . cothx 2. 2 tanh
loy=pxin (mh *cosh :_ E ¢ 2
' &, B SR
ftﬂ&rmuarmg both sides w 1th Iespect to xy. we get S. :_r_*_*__l_ 6. secx 7. sechx
f 4 _ AN
-ﬂﬂ}’}:"‘ ¢ Ly J’H'I_ inh = 4 )S -i X
:’ ar | a7 o hu,-’ coshZ tosh; In x smh
—_— d; . { y 1 i gk ) ——-———-+— Sz _1‘ X I . . nx
dylny). = - . {In ( sink™ . x| 9. x a 10. a DX tEnh =+~ In coch cosh=
_ dr dr ("0 (sinir uhh ) }”, wnh =+ Cﬂsh a x a Q
{ | /ﬁ : | Y dx (m) 11 l_mnh‘,f (I Idnh + : In h? shx ( Sinh x
y | A L. . ISGC . . . : + . .
@ -!,-f_” d. In smfg O h"_,- d/ ””}E u-«h“. “” ) a) 12 (In x) {___-Iln.t cosh x - In(In x}}
V dr r\“\—\;___ Hj
d{ sinh=4 ., ; 2 (x ln(& =
'E-fﬂf?ﬁ 1 ,-,_”:..‘._;_ d A ;.' inh - ‘f-u)sh
\&/

3. ~sech x tan h x 4. "—'l—-r

1-x°



——

: : ‘-‘-‘-“'-.__H_ ; i .
. atjve of a function of'g Sin (ote that the symbol o (reqq ag
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1aal ON the urg'rF%‘I[i\-L‘S of' a run(:liuh L',lli of d. the symbol used tis
Aoty pat tial dcrivmivt Oy
)

M‘“"h

g u-pm 1
7 ﬂ"”'ﬂ:ﬂ.w

the d

delty iy
el. Use (il.'.‘_'ﬁ.n' ¥

ndent var Wy Exarﬂm hion of part;
the independent variablg £(x,5)
rivative ae +. g
{1 Ihl._' {iL.Il‘tJEIVL as :
s the golutio” £,
f(x,y)= %)

etz 105

) detione Partisl des

1 t'i ae
il':[r_: o . e

while U

2 al der F
F) ‘l-.-,.
i e Wives 1o fnd 7. ¢,

{ :-:" |_"1|n..

¥ and G
-.=r|-.i,mru :1=r4{ L ; r

;'q;‘.‘\]“:l-‘t o x 18 lhe ra .-I-I'IL'H, .Jr‘f_‘l.' )y V)= (x + h,!
e, | f(x,y+ 4
[n the same way L ant e k) =x* O+ k)
> thy, By definition, we have
with "L."-[”I"I'! oV ag ' lim

‘partial e e B g s X+ h ooy
: . the definition of I der“’ﬂhwt f Y) =p 85 Lh L
il INOW ' :

I y 1ahbles x and y. The ! . 3
- rwo independent VAHEE : Partj,, | _ lim %
i 5K )z ' h—0

o — ‘_{": e B Ty JT
Qb I ol /, (-1-_1 ) or Zy

y - ¢ ] LM 2. # i L ! -
i ect 10 X, denoted D E ( nrj;, s hm pé+ hy* _ v
BEVaiIve 0l M \WlLER 4 h g

' h
X

| lim  p(x? 3
LvﬁI:-J.‘Lf as EELL : 7 / 0 i s x2
¥ : iy, V) ywided thal the limit exists. Yt h

/ ._I‘_,.-_.‘ .l—-— L"?'t

jl-["l'.l}_ ’.'l -.ﬂl--- . hm M

+ to x keeping the other varfabley h—0 A

:f;—-}!} h

| ! .}]
II'.'.\ L} | r/ lIIII-II.
..I'-.l-. |
| | |I.FL.‘.-I‘..II' l-‘.l. ]]““1-”[

: |.|“1‘ ralc alt "n'l-'hil'h s ﬂhﬂnges

.

by p T

s [T
WVl

. of £ with respec

Bic the ordinary derivative

. o of z = £ (x, ¥) With respectitois :
the p;H'?{;n' derivative 0L Z A G P Y is lim

= h— 0Y2x+h)

= ¥(2x +0)
= 2_-(3’.
Also, we have,

_ lim [ v+ k) —

fix. V)

lim f(x, )" A)— /(X V) prov ided that the limit exists,

BEY) = 0 i

n of three independent variables Xy

|'__:‘ 'I-| - 3 . , 2 e - . -
H"; A it w =/ (1. ) z) be a functi

o - vati W= -) with respect to x, y a f(x,y) = f(x,y)
and z then the partial derivative ol w =/ (x, v. z) with respe yand z are 1 ; :

k—0
| respectively defined by _ im Py
i = k—0 kit

: =it lim [(x+Ary.2)—/(x) |
. N 3 ; |

v | k=50 k
B Iim  f(x,ytAv2) /(X ). Z) lim x°%
SEVD=,, Ay k>0 k

| lim f(r,y.z+A2)— f(x,p,2) i
ﬁ(r"y’z):ﬁlz—éo ‘l: _kh_}o(xz)

g |

e

These are called the first order partial derivatives. These methods of

calculating partial derivatives are called first principles or definition
method.
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2.14.2Partial Derivatives at a Point

- _ ‘S'Ufrﬂff{*'ff
' . f "-_f.(r v) with respect to x at the pomt (q. b) 1S
The partial derivative of = = £
i

Given.
z=x + 33’_1*3 +}.-3
'*[ /(x, é}/ ‘ . % 2
fd-#J =g

ox  ox (" + 3%+ ')
im fla+4hb0)-f(a b)

.}1+

:
3 erT (" + 352 +)7)

.F E;.E = (J 3' 1‘ i
a2, 0)

3" (keeping
= Oxy + 3_1.'
Now.
Partial derivative of - — ¢

0z
ofz = f(r V) with respect 0 y at the Poin; |r-hjdt (2,1) = ( I
(2, 1)

3)° ( I\eeplug ¥ fixeq)

* fixed)
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ar@; m 70
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Jerivative Theorem
| mﬂ} derivatives /v /i». /-, and /,.c are defined ““‘i’ughou |
e ing a point (a, b) and are all continuous at (a, b) then

ition for equality of /.. and £,

example 6. Ifz = In(x* + %) then show ‘h"“ﬁ
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1
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) v Vv
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a
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o L Py =32
el X

oL e ‘E}" (x" €”) =x2e¥ =23 2

aV

Jf = d
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I of Vi
Jxdy oOx (ag =35 X e?) =62

{ _} 1 T_j,T = 318 ¥V

i
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Solution
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— —Ir—'—'—-rb pi
X Ty

i

T2 e

1

SFF




THEMATICE
ils At A

Jor Partial Derivatives
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[ hey are
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oy
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- r.!],r A

3 / ,-r"'| 1} —*HAI £ '
> ( 3. /» denoted by 5 =~ or /,
ar \ o C’llld]

d /o | ;‘:I‘f- :
v. S—(5—/, denoted by =5 or /.
ay \ay/ T A

derivatives and /,, and ,, are called mixed second

a*f a7 . <
'.-'-'," = F. 2 2 a‘a J e }’1 e .Jrr'
rf-‘,.-!’

f- the follc g theorem gives the

ﬁred Benvat:ve Theorem

fz= j(.r, ¥) and its partial derivatives
ﬂpm region containing

a point (a, p)

i 3
- T'm, r
Fpiry ']-|I|I|1 |.I'I?L'J|1 rf?l_‘ I"l".rrf:i! tft.rl"'-.l'I.‘L’\ ﬂ,l al]d ‘l.

Then their partial derivatives are called >€Cong 0

Ihe partial derivative [, and j,, are called pure second order

order partial derivag;

condition for equality of /- and £, .

S fos Jis foy and /o= are defined
and are all continuoys at (a, b)

./J(E! é) :/:T (ﬂ'_. /‘5)-
&
&"éf%{.' « but not £,
e
), oy )
-l [ )
o ) [ s ‘fz [
Rt iX0eay
= g _—{)2..:1 O‘}{
ox \oy/ o
SIm.r/arh j/ _
' G'Jf'ft /vy bot not /

Exﬂmplﬂ 4. "IH:]‘{;‘
Ly ]
solution o

Cnven
L 4
(X, ) = 3x" 42 :
- —L’J_ ( ] 1 3
& 5 N
rlx 8 )= {}.r)jr}

/,

a9
m gy (3% 1'2

}“'ﬁ.x‘

a'l’.x _{f‘J; ""-'-U
= r}x w“j}'l}*—lgx};
DT 6y a g
J J

S = :5‘1

fﬁ.t'ly) = 6y
Example 5. [f s, V)= 2
s = e thEn veri a.". )
Solution fy that ;i. = ai*ay[ |
Given,
hf-{-r! }’) = ,,'["3 E-z—"'
i:"!'{ = --a_ 3 5
dx K, Ox (x e‘j) =3 o
o | sopas |
av 3 > & =Pod_ri

aLBr (‘L) ay(3-1'“e’) 32 . 2.2 L

6x° o
a_ra_p (3—_9 ok (Zxaew*) 62

i, _31
dy0x  dxgy

e
Xample 6. Ifz= lll(.t‘ " ) [hen shgw thﬁI az =
Solution ?

Given,

Z= ln(.rz +y2)
0z

d
or "3 (Inee+ ) Gl 4 2y g
X ax )} a( +y2) .Lg.ﬂ




Exercise 2_.5_ 3
_! ind the first order Partis
f(x, V)= 5x*%/
a
’

[ V) =x 422 2,
. -

f (X, ¥) =Xxsin xy
.

g_ J'J{‘” L.J - Sln : f3x . 4}]

i.
Find the second order Partia] 4

)

[, 0, 2)=x%52 ;

erivativ
1 * 5 — 3 )"I' +- 3\‘2 |1

a. JnLy)=x Xy

b. J(x»)=sin (2x + 3y)
c. Jxy)=x¥

Calculate all the f

T

[z =Xt

dz dz\2
X +y > then ghow that 'é-;_-é;) =4

-
Ifz = In(x* +5*). then show thatg:-f-

i

Br ay:":- 0.

at the point (1,2).

and . at the point (2, 1),

£ (G, 2) S

X +y + > then ﬁﬂdf:(—'— 1, 1, 2) andfy(- 1,1,1).

7 Very Short Answep Questiong
| = ION B,

L If/(6 %) =% +2 then find £, at (1, 2),

: d
I/ (x, ¥)=xp+sin x then fing 55 !

3. If £, %) =%+ 12 then find £,
4. If f(x,y)=x"+ain y then find o
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Introd uction

Brivatives have wide range of applicatione in a . _
b as science, Cngineering, ecq '

svative as the rate of chan
hnology as well

nom;j

as in Commere

e,
formation about the shape of the

2 this chapter, we will focus oyr s

tudy to fing EXtreme valyes
getermine and analyze the shapes of graphs, 1o

o e Understand
Bd competitive equilibrium of firm.

3.2 The Derivativeg and S]q

Pe of the Curve
it y =/ (x) be a given fu\

nction, [ et Ax be th
fie corresponding smal] Increment i ». The
ytAy=f(x+Ax)

Ay =f(x+Ax) - f(x)

€ Small INCrement in x and Ay be
n,

Then. Z— is called the average rate of change
: r

fstantaneous
gefined to be

of y with Tespect to x. The
rate of change of , function y

= f (x) with respect to x is

lim Ay lim f(x‘*‘ﬁx)"-f({-')_
dr—-}OAx_Ax-—-)U Ax

s the definition of derivative of y=f (x)

dy  lim Ay
dl'_-ﬂ.l"—')()ﬂx

Wwith respect to . Thus,
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| . Concave upwards
ind the interval in which the function /(x) = 2y _ 154*3+3' (=1:d) — ve p
ind the mterval in whi ind the porntas a 6x ¢ (1 ) concave downwards
reasing or decreasing. Also, find the poj O In 1 G0
5 mncreasing or decreasing. A ; ﬁ‘ﬂfmn, : *yve toncave upwards
,,,,, The graph of £(x) is Co
r

) =2 157+ 361 + |
G =6 30, + 36

L) =12 - 30
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Solution
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Beample 6. Let J
: f(x)=

: S, if 3
minimum valueg?

i imum values of [he _ ;H,ffﬂ"
find the point of inflection i J Here /'(x) exists for a]|

) € . real valyes of x
So, for cntical Pomts, we have 0 soly i y
ie. x(x—1)=0, /&) =0

. x=01.
[he points x =0 and x = | divide th

€ Whole real line : _
—?T\ line into 3 mtervals,

1
Now,

B Intervals S

(===, 0)
(0, 1)

Atxr=1
B =6x1-12

- =—46<0

phbas maximum value at x = |

m valu =_/‘1(!) , The critical points are x = @ and x = |
g =1 6x1°+9x1-2 Atx=0, :
- =2 f'x) =2x0-]
: l =4 =0
ge=6x3-12 A 50, f has local maximum value at y — 0
=6>0 = ‘
i Atx=1,
: j" has minimum value at x = ? [(x) =281
Mmimun yz[;l.g:f(“,') =3 6% 3°+9x3 2 e =1>0.
. ,h:,,. =27-54+27_9 . So, fhas local minimum valye atx=1
T =)
Hor poi OFinflection /) - ; Example 7. Shcfw that the rectangle of largest possible area for a given
&_j’ =0 ; perimeter is a square, )
o F=2 i Solution
o

Let x and y be the length and breadth, A be the area and P be the given
perimeter of the given rectangle. h

We have,
P=2(x+y)
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A man who has 144 m of fencing material wishes 10 enclne.
fectangular garden. Find the maximur

m area he can enclose.

—_—

& A gardener havine 120 m of fencing wis}
of land and aiso to erect
sides. Find the max

7 1
1es to enclose a rectangylay €. Max. value 2 S Minvae e
a fence across the land paralle] to two of
imum area he can enclose.

= 1

fi

% Using derivatives, find two numbers whose sum is 20 and sum Gf\ﬂlﬂﬂ
Squares is minimum =

10, A Window i« In the form of a rectan:
the tot) perimeter

57 m, find the
Ereatest window

Very Short Answey Questions

2. 0,2

F 2x-3



AMATHE AtA rncs N

s called the tangent line [

e Sl d

'angents and Norr
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Lﬂ Ay
PK Ax
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Ar — () Ar
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2.6.1 Equation of Tangantm

F(x) be a given curye

1) if
1y

L
e | 4 b T
dx / tll I (1',‘."')

the equation of tangent to the cury
c
f(x) at P(x,, Vi) 18

Fa

dy

. (:1:) (X —xy)

(¥, y) = tn)

(i)

- normal to the curve at P(x;
- b |

ve at P(xy, ¥y) Y1) perpendicular to the tangent to the

Slope of normal to the curve at P(x,, y))
1 ¥l

]
Slope of tangnet of the curye 2t P(x1, 1))

"~ (dy Rz (Q_Jg)
(&?)u. o dy/(x,¥) = (x;, y))




p makes angle 0 wigh

.....::3 - 2 i —

- iy = 2 =5 » '“'“ﬁ

smate 1INCTCAse 1IN ;

2 Find the slope ;
dx oL )

e

1“_-_. I'E"'."T:"'T'_.-'
| if and only if 55 =0 8t ) *- curve 2y =2 - Xatx =

curve is 2y =2 — 2
o (Curves siatine both sides wi

} veen IH ) i;li:!-“”':'- Sidesg Wit

M I" h resm:t tﬂ. .x.

£
] ) —2%
srl s fo f‘,f"’f - ! E_il — 'I
\ j } ngle of int ¥e ' dx
vson then the angic crsecty
| on of ciope (m) —1
0 be the inclination of _
028 the tangent with y_g:. the
-+ my P n = - In
it ‘an 9 -] = lanjt-
¢ : A="4 -
hon the two curves cut orthogonally. 4
Ty hen the WO curves « k J

| A : : ample 4. Find the slope of the o

s . ve E.lamph ST = =% EX equation for the tangefl:rtzbtila}’ — X at the point P2, 4). Wr

B2, 4 =od Av and di : eparabolaa“_his Vs S IRE an
ple 1. W/ {x)=x" + 2x + 1, find Ay and dy. colution point.

Giveny =Xx

-

- dy _,_
- . e
4 "4'2"* / dx
2 \”‘u}-r,
PRy =rrAr) + 2xr+ Ar) + | s

: . =at (x, ¥) = (2, 4) = -
B 2 Ar # (Ar) + 2r + 2Ax 4 | -2 = 2x— | i V=5 8)=2x2 4.

0 =2 Ar+ (Ar) + QA

—

e

Slope of the given parabola at (2,4)is 4
2+ Arn)A ['he equation of tangent to : .
and B the parabola A P2, 4)is




, b r 2
the curve has slope — 1

}r:lr'-—_"‘i;":;ﬂff. - JrJ

Solution
Givencurveis y = 2v — Sr+ 2
v
{b’ 4:"5
! : {.f
Slope of tangent at (], - | 3/ 3t ) =(1,-1)
4 :
SIUPE Gfﬂ{lm]af at(l.-|) : :

YI0PE O Langnet

al the (WO T"'ﬂ?ﬂ!'ﬁ |I e

Iy ( 1)
;-;’r Jﬂd = 2, = 2). |

MEXample 6. Find the equations of the tangent and normal to the iy

juation ol tangent at (x,
m(x — Xy ) where my =
1{ » 1)
x +.1
0
quation of normal a h-t y
.= m (x =X1), where p =
=1(x—1) ‘
S+ 1 =X
;| . y =4 :

-

llmi where t
Ex:nnpm L he tang

i. ‘“;;mn
( |11 L"
- _3x*—9x+ 15
}

-

:u- 3¢ 6x—9

dx
ror the tangent to be paralle] to the x-ax;
~axis, we
A have
-0
dx
- _111 6x—9=0
:I A-2x—3=0
,.'|-|1
. -3+ D=0
L] .
=123

Whenx = —! -

y =1 =3 X (1)
=—-]1-3+9+15
=20

When x = 3,

y  =3-3x3*_0ox34qs
=—]12

Required points are (-1, 20) and (3,-12).

example 8. Find the points on the curve x* +
parallel to the y-axis.

Solution

Given, curve isx’ +)* =36 (1)
Differentiating both sides w.r.to x

d 2 2 d

Y= X —3x =91 pesallel ¢ the x

T 3 135

axis for the curve

¥ =36 at which the tangents are




lw.r‘“"’#l‘

JI ‘..l'-'-f"
L =
- ey _"“.‘ % 1._

i aw .
= {N a-1'_f1-.'.1'|.
- i, then

ran 90°

,]1'!

Fu;t.‘l'c iﬁ?_ 3'_‘% .

cur ecs _‘.- = it and L X il = ‘“‘td I“C'“naliu : :
E 1 .d the 2 ope © n with x-axis of the tangent of the following
ks +latx=1 b. y=—x"-3xat(-1,2)
2 4y =25at(4,-3)
X ° h;ﬂ unglﬁ d{}cs the curve }’(1 - I) = x cut x_axisf}
cind the equations of the tangents and normals to the following curves
3. | 3 e N :
 y=2r = 8 at(2,4) b. Z+y’=25a(3,4)
rla _1, cind the points on the following curves where the tangents are paraliel
: t0 the _\:-ﬂ'}'{:ls
Rezx 1~ i . S By o2+
= 7 I‘ 'I 3 2 2 -
B g (if) both S1063 th respect ! . Find the points on the curve x- =y = 25 at which the tangents are
&f‘ differentiali’’ " rallel to the (a) x—axis (b) y—axis.
¥ '-'.f'l | .
6 5 ; 6. o Find the equaton of the tangent to the curve y = W —3x * 1
& =X which is parallel to the linex—y +5=0.
or, dr o
At (L T) . Find the equation of the tangent 10 the curve y = 3¢ —3x ¥ 3
& which 18 perpendicular to the linex + 3y +5=0.
dr 2 :
i 7 Find the an ole of intersection of the following curves.
e m=-5 9 3
2 e, Y =X and y = 2x at (0,0)

b xy=6andxy=12
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3.8 Indetermrg
—’_—!—/-‘/__-__
' or0 al A
- 1 ofx) aré hoth Zero &
- = "t I] » ‘Ii-.l .
lfmncuonbj{.ud ¢ - il 4 |
given which 18 meamng]esa
- |

uting X = q. The -L13h11:[4£1n:1
I

found DY substi

known as indeterminalc form.

values of the functions which

Other indeterminate forms are, _; =
Here we discuss the dea of finding imiting »

take the mrm;;:md_':;:: t = d
Avatives to evaluate limits

S W lll L]L'

L' Hospital's rule help us
that lead to indeterminale 1017

ital'® Rulé
j|] -
X and their derivatives 7
4 g(*) €8 /'(x) and g/(x) are com
| . him ; OTINOUS A
im ix (
() =0then o “LJF’{":} X ?uf *) o
(e & m v 5)[”}1““'-'"'1':11 that ¢/(ay 2 %)
X =» mi‘('t} >
. () then above rule ¢ .
gl an be extended as
' lim .
fx) e
() L {a)
[ lim : "'(a
I-r.lli . f._‘:'l“',_} #‘9{ ]
o Y = {1
4 thatf %) and g"(x) are continuous atx = a and g"(a) # 0
Talvd X ‘ . F
HoVe rule can further be used when f"(a)= g"(ay= 0
W . =¥
s lim sj
ple: [t tooks a lot of work to evaluate A Qsm X i previous section
= S :
. with the help of this rule.
15>
1! g
An o ORS
im S1° K:{—* lUﬂﬂ]
0o x LY
4 2%
— (SIn Xx)
fim ED__-——-—-"
(e
—— -Fr)
L‘h‘{

L\

;7 Mustral

Appiie
WY
NS of Darivatives et 2 139

lim S95 Not , limit is found.

strative Examples G

: R im x—sSInx
Using L Hospital's rule, evaluate o7 -

gxample 1:
Solution
im x—SNX EQ_ form-k
r—0 X 0
im 1—COSX .. 0 _
—still{§ anply the rule agamn
x—0 X 0 pPYY B
! | 0 ,
lim SIDX oiyy = apply the rule agan 0
i

x—0 06x
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— .
¥ 8 5 |.~ u Al ,'
«ing L Ho puuhrult.w.ﬂumg: lim @ ~x-1

o : X ( 2 -~
."‘ vt - _"':’ ! _x
i..“'!'ﬂ'?
7 ‘
_I ﬁ'-fJIFI ") L___ .l {-}- ll"(]m‘l.]
‘-'*"ihrl'” 1”11 — . _,_{‘
¥ L
'i‘ . ||'| ’ ‘I {}
™ J"! :'_..' {-
L
. . i
111‘“ st
L' y () 2
g ‘

Using L Hospital's rule, evaluate: rhm xé" —log (1 + x) _

' 6. -5 0 :.,'1
ﬁiﬂlﬂpw
s i ]i 5 ;‘:'-:'Ff ;,M g
—— 7128 p5ol im xe 1”‘_. L) form
: . 3 | . 0 ;
. : | " 1
x¢ +€ =y oy 0
i Qe - . b
y» 0 2x {_0 fﬂ!’m—x
e
e +-—zl
g +€ TE
hm g (x+1)
» 250 N
n+1+1+1
N
2
3
2 ! him _1-'_ SIN'X Iim 3x1+1x—-5 :
a - ; ' j
rospitals rule evaluaté: . _5(0 A sle 7 Using L Hospital's rule, evaluate: % s o E T Tx+ 8
- i Hospitadl > ! - 2
. Using L HOSI £xB
Example 4. |
IWW- . I.‘ ] \.r“|“”'“” :
e e [2form| S i 3k 2
A : IE_an'-l' ' ﬂ I’bﬂn | lim :2.1-.., _“B [_ fﬂrm
S0 7 MR ", oo 20 +1xk BUNES
x—}ﬂ X =3 - 1 .
s () = | ) 3
A 9 sx |V 2 o
fim 25-2sin¥C0S% | form | lim 6% . (2 fom
- x-0 2x o £ x = 9 4x +
x A P .
fim 2x—sin- Lm _(l
= o D8
x=0 & -
lim 2-2cos 2y :
E 3
e X1 2 | =
- - 1 2 '
d=2cos) Z—-4iX%] b
9 9 ()
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"RAILLLR ) .',1\-' H‘]tpl't. AIIHW"ﬂr (lll“uti‘ln“
i n
5 v o pital’'s rule
(e <t hm C
'i||' 1 .llllr' ”'! ¥ > !'l '-'..'||'| o
1 i)
im =5 0 correct? Justigy
I :
lim | —COS8X
-\ ,1lul-|="- \ y 1) X+ X
1 A X TN ot
- _;le_ﬂ_ — T § using L. Hospital's ryle.
el s 2
g~ 0. 2 c. =10 X
i ! 1_ 1.1
8 g 0 h
2
— i 2
5 b. 5 c. 0 a5
3 -y
—r=5 2
=%
—Sx+6
2 1
x—2 . olle's Theorem
x e
| +x =S 2 If @ '=_!~|'.1L.'U'~m~f (xX)
}._-——1: ontinuous 11 [a, b]
- P g . Lk ’ .
Jim _ L ! 1:7.1.L‘FL,]1tiﬂh||C in (a, b)
2 r""” 4 I'.'.] D ] h- LIl ,
. 111 .::.—-—-—*Fl"_'_' ; ‘1" rlh"
lim 1-cos¥ | HRCTERY | X E [

¢ . oxists at least one point ¢ € (a, b) such that f*(c) = 0.
£ r— |1 S then there “AR

lim x—SIMXCOSX

' | - ~al i tation
lim tanX—- ¥5 50 X Geometrlcal interpre |
R 051 I ¢ sint he conditions of Rolle's theorem are satisfied then there is at least one
: 1M [ S '| _1|I| i 1€ & : g
lim (¢~ 1) 202 L 4 501-cos? | = (a b) where the tangentis parallel to x-axis.
i . . 10 [”| F ¥
= s ' spital’s rule. \ L
2 Evaluate the ﬁ_q_”pu'j;]:_: Jimits UsSIing L Ho: D tal's rul€ =f(x)
: =7 9 lim 2x +3x | --—-."—/\—‘., — f(x
L e by e | g
3. o | .t. ] =

oo X *

: im ban s fla) f‘.}” B_} s
A 3 ¢ ; e —— I:'
' Iim x d = — 7 b
s r—oof g . y — 5 1dll JA

M




AMM
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i thi

4 "'l f‘h l"t-l-'-
. f!‘ Hn Ll -
that f (¢) {L.U--_Jlr.fﬂ e X iy
JC 1§ !j 4 bl st TS M
| interpretation
3
.','I .I ] . s [ o =
_ ! n value theorem SaYs thay in
L . drawn at L"“‘u'.‘.‘r}’ p(]lnt‘

el to the secant joi

1 2
e f(X)=X% X —6x

since /() is @ POLYIOIES function, s j4 is Continugys ; =
43kl : ; | in S0 =3C + 2x 2 6 wh n[-1,4)
Here,c =1 € (0,3)butc=3 ¢ (0, 3) \gain. / “f] , , hich exists forall x -1, 9 :
Hence Rolle's theorem is verified rix) 18 differentiable in ) 4). ’
Fallure of Rolle’s Theorem

., both conditions of mean value the i
So ot e 1, 4) such mmmsatlsﬁecLH ,
, east one ¢ in (=1, 4) such that ENCe there XIS at
MOne of the three conditions of Kolle's theorem are not salisfied tht‘.n i€ £(b)—f(a)
Rolie’ heore: will not be true. ' :

() h —a
E "',".‘ -' ' z' Sbﬂ“' that RU”L'FE ”w;‘lﬁjf}'} can not be dPP“e‘d 'ﬁ'}r [he ﬁlﬂctflﬂn ! 145 o 20 — b= zgtﬁ-(:_-__?;
fﬁr).—__r“fn[-- 1. f/ i.'l 20 —6-110
» - c
Forallxel- |, | 1./ ) has a definjte

2 f :f' . [6 = 0
value, so /(x) is continuous in [-1, 1 I e | RS
Here, /(r) = 2. -

A :;-.'HL' {_'1'[-' “16:0
. 7 which doesnot exjst forxr=0e (-]. /) s (3c+8)—23ec+ 8)=0
i ;
e, o (Bc+8)(c-2)=0
.S (x) is not differentiable dlx=0in(-1.1 ).
- e y ! | H
mS:, all the cund.rnr_:ns.u! Rolle's theorem are 0L satisfied, So, Rolle's -
orem can not he applied for the given function in =L 1T |
3.10

8
\J_@jyalue Theorem e nitengs t1.4)
Ifa functioy, 7(r) ie LA Fr T Hence, mean valye theorem is verified
d. cunuhuous in the Closed nierval [4 7 /
B ML el |"[f }
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-‘l"'bi-.

| “ r

JRF L ..[ 4 bea .yt 1

‘ons 721 P '-'_"'1.“ Cn o o ’
i : "'lrll._,;; T V- 1 477

P | - '

nd g (x) r

aTre Civry
- LA TP
Y x15ts for all x in (g I M w
" ¥ e
; ' 1 the f":”hT“'T_I'\ f.l'f ; r f-_r|..-.r o ( o
L, D) ""l’.‘h a . ? d -quh}_-* " : * 05
th erc €xists 8 point ¢ in ean Value 1

—

(1)
y ) . . | ) uch th 1

.. LR

: 2
the required value of ¢ is:i

7] ] ua,_t_ra_tive EXRI]]pleB

;K’IFT‘IF”E 1. Venly Rolle’s theorem for the ﬁmcl‘innﬂt} -

\Jl*.f,xg I_"l_'i;_‘__

1 i

Yl : .
" Here, /@ =V =X, xe [
For every value of x such that —1 <x<i
-ontinuous in [—1, 1] i

| A T
2\}1 — X 4 1‘".._]‘,‘):——..______ whi .
ri2) is difTone < bl 4 m‘ hlchExIStS fﬂrallxint'“I‘,'[']
(b)) -fla) [lc) So, f (¥) 1S CRACIERUADICIINE I
o050 5 o (1) SN

i ]:‘ .\ji —{—I):z[]

f(x) has a definite value, so f(x)

ygain, f (X) =
g Cauchv's Mean Value Theorem,

J(b)-/(a)

b-a i) (1) f(—1)
or, a2 () \|| the conditions of Rolle's theorem are sat;
b~a least one ¢ € (—1, 1) such [hatfl(c)= 0 1sfied, HEH‘EE, there exists at
Sfﬂp(‘ of the chi J,r|,'f.;4 ning E, e 0
S . (a2 Jla))and (b, /(D) ) t‘_f_r:_u_“_’_-[;uhf at (¢, f(c)) \ | —C
Siope of the chord joining  Slope of tangent at (c, g(c)) ~ c=0€ 1D

(@, 2(a)) and ( -
| Hence Rolle's theorem is verified.
mu"‘!. ”;.‘t‘ '&llo ol the s« t F the

{-‘.hf}fd JH”_FJ 'Ilr.ll,l.._'r .".J

hord joining (a, / (a)) and (b, £(B)) to the

| ] 1§ EilllAa |

- qual to the ratio of
@angent at (¢, fc)) and 14, ] f the SlOpe of




A
Fﬂllq.“ '
N Dark
"W rnn

timprr 4

polle’s theorem is verified

ite of the :
POIRt at which |
angent T

” , x~coording
.._ln"”J!;IH“.I”"‘ |[|i,‘4] ,-1i"lL

1O .IPJ b T
. = f(x)=8In x
‘ inl s5in X, W hﬂ.‘!.rr;

wich €N isls

(1, 4)‘%‘
i

g I
(heorem are -““lmﬁﬂ'd S i
TR0

. u"-*r;_.

1
mcan Vare

parabola
t
O the chord Joining the

.'-'::f,;ff"'i’_ﬂc value of x ranges from 3 t0 4.
. y=ID=G=3Vxc3 4

cince S (%) is a polynomial function, it i \

\gain, /'(¥) = 2 — 6 which exists for aﬂcnﬂh

o. f(X) is differentiable in (3, 4), e

uous in [3, 4,
3, 4),

- Hence by mean

f(b)—f(a)
- b—a

(& -1()
4—3

_(4=3) -G=3)

— r.':f...:
¢ - e, i ']
Butc=1¢€ (1,4)andc= 7 (1.4)

Hepce mean value theorem 18 verified.

or the function / (¥) = SIn X, x & [0
) RJ‘

w.ﬂ Venfy Rolle's theorem 101
| Also find a point in the curve represented by given function Wh
] _ e

Y- the tangent is parallel to X-axis. o 1
Solution
Here, f{x) =sin x 5 :.:_ e
Forallx e [0. ], /(x) has a definite value, so f(x) is continuous i
Aﬂh:f(ﬂi C‘U;’t which exists for all x € !{'_'L_;{_}_ e 7] 2 ___ | +6
c=5¢€ (3,4)

«+ J{x) is differentiable in (0, i)
Also, /10) =sin 0= 0 ;
J(m)=sing=10 So.c=nx1s th \
: So, ¢ = 5 1s the x-coordinate of . _
| the chord joining the given points

Put x == iny = (x=3)2 7
ut x =7 in) (x 3),wegety-_-(%_3)=.l_
4

Required point = Gz',% :

all the conditions of Rolle's tf :
nditions of Rolle’s theorem are satisfied.

H‘:n‘:c‘ Ih - e P I :
s MICTC €XISIS al least a pomtce e (U, ) such that frfl’.} - O




uestion
3 0

and the pomi  Oon the r‘q}-[”r and Mﬁc_l_’?_‘-jl‘lns

iy R "'.,_1."-i_.'i:_ d Er'
2N d x e 'y the tangent al the point 1s Paralje) Wl .]‘..' IES\
| ] i g WE . ik " . 1 :
"y he DOIIES | 1 ) and (4, 0) rir‘lff“”TH 4
hord joining e POt - . v qnction with derivativee ~¢
i alized mean value theorem fcﬂuc ek nterior poi tives of all Orders ¢
, . g - i _'."‘\".-ri;1 :t_'L e B R E : 5 -l : Q J n | L" { ) i . * .
== 5 Find the valuc 0f ¢ 0 ' o srv)=x" +3r -2 and Ys g 88 & Point. The Tay|or Qs "Oughout some inte
iy vValue I’ .'“, i “IT1 ) for :J’EL‘ tunciim . le‘) = ..t'l sl QrIEE generaled b f lTllt.Wa]
Mean Value §OcOiEd Vit

an _-'-11. -"J‘r-

¢ - a)' =Aa) +f(a) (x— a) + L(a)
21

{01 :.'rf'.L' functions

ue et

1 ralized mean val
6 Venfy the generalized mean

B 5 2and )=+ 2+ o [0 1] faclaurin series generated by fig
a. l:.l: =1 —.J =i o LA
2 Wyl = 2r -+ 3 on I'J_**i' _. ' “« : f_‘"[{)] :
() =+ and g(¥) = = | F(OrrJ () e e +£Iﬂ)_t"
> > ‘ ﬂ‘ e &'
> — »etions !
" '7 Very Short Answer Questions 1 o
T B . O e Ly S e Dy T
. State Rolle's theorem. ]
2 , J R je1. Findthe Taylor series gene 1
. | ) = ¥ is defined in the interval |1, ] pram! rated by f(x) =~ - :
e : J then fing /) x3a=2 Fingd where,

f(a)' i any, does lht:

weorem for / (x) = t.l’ - i

series converge o 2
.

J. Find the value of ¢ prescribed by Rolle's |
[_3, 3].

Waite the geometrical interpretation of Lagrange's mean value theorem

il i)
Y

4.
5,

State Cauchy's mean value theorem
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. gerics generated hﬂf!ﬂ"_;
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(' (0) [0}

'

(-2 1S : I-; P exponential series, BY definie: .
3 c Z, “%& 1" rhe Taylor polynomial of order :m““ i also he >
?:I' and ratio (7) =4 b\\ for ¢ x X . . Rx=0is viaclaurin series
‘2!' y (X 3 21 .”--H!'
|
g ,vlor's Theorem
aylor =

B T
4 Iu - H . ;
: o ¥ ' P _ first n derivatives £4 £m o,
_ It convergE> s ! r""'”b| Jifferentiable on (a, b) of (b Soninuoug
‘ Es i/ .nd b such that
nat

— ‘ : = f(a) +f"(a) (b - a) +£‘—@l b - .
) 21 —a)y + +1 (a)

#.LE-I-‘ (b —die :
"‘ I )!

-_—

's The
2+(x-2) 2 ollary 10 Taylor orem

L

: > 0o vatives of all orders i
 £(x) =— at a =2 conve a1 . .« derivative OIders in an gpen ;
-_p:-}__,_ ) . o8 Sf 1d h}- !’_I |l ...]I '} CU rEES to*- = J ""|._::“' e ; 5 m lmm - 3
Hence the Taylor serics 2e/7EEE 3 x gl . ive integer n and for each x in | al I containing 4
' tach Y= s

»
s =fl@)+1 (@) (x—a) +£2(!‘)' (x—a)’-+___+f_(ﬁ)_

- <r<4
Let / be a function with derivatives of order A h!{ =1 .2_. ... N'in ol
interval containing a as an interior point Then for any integer p § 3
through N, the Taylor Polynomial of order 71 generated by fat x = Qs g
polynomial.

..In :l'l:‘.-;'L" "'-:' v M S

_on (1) is called Taylor's f

4 4 gquation (1) 15 €4 y ormula. The funet; R.(x) i
. f l-!’} o . " nctl'nn

PﬁFﬂﬂ)'-"f(a)(r—dJ-—'fwfd)f-"‘ﬂff"--' _ﬂi'#’ )28 +ﬂn('gl (r~gp emainder of order . TE R,(x) — 0 as p — o for e

2 : W ;.. Taylor series generated by fat x = g conv

Example 2. Find the Taylor series and 1

aylor polynomials 2enerateq
JG)=atr=0. i

Solution g _ )
/0)=¢, f0)=¢"=) i




| orders through
Out %

o) [From previous ex
R.(1 a’“Pleﬁf

e']

» e ecn ;'I.f“-ﬂ, 1

lios between e” -

w1 001 0, & __lﬂnde‘,

0 When x 1S posilive, so s o -
lde‘t .

Find the T

aylor series eXpansi
p— f(x) =€ at

4. A

b.

= ([} 1Or eVery X,

r) = () and the series converges Lo e for t,’.‘Ver},-x

! : E :
_]I_F:" - - I

_- I
o i ]|

&£=1x
i=

write the Taylor series for f()=¢

= atx = 0
¥Find the Maclurin series for the function /(x) = sin x Write the Taylor serjes for £ (xX)=e-=*
Write

Mnswers fﬂl‘mul& ,

JS&x)=sinx £(0)=5sin0=0
S)=cosx S (0)=cos 0= 1]
S () =-sinx 70)=~sin 0 =0

S ") =~ cos x £"(0)

L 10)=sin0=0

-cos () =-1]

Th ] vae nf
that Genvatives of / (x) repeat in a cycle of 4 (ie. 0, 1,0,
Ve dfrjp; e A e K7 B M ) L T
betw, 4 “ve of even degree gives () and that of ) Th[smm I
een land - | )1 odd degreealmm _ p=0 N 2! 41T . .
Thus, the required Mactuurin o e - 3 . VR
/(X)) =8Inx s L 2 'Effl‘- 1)’ T
n!\v i
0 I
1 "5
-[:- n I‘ I||
f.' (" =g 2) 1 |
|
1
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additional unit of output

4 Cx + 1) - C(x)

o |

1 d(
/ 'ﬂmﬂmal:l}’ the value of =

dx

Average Revenue and Marginal Revenue

'-I' be the quaniity sold and p
sevenue function R(x) = p .,

The average revenue (AR s defined |

SIm.t i Yr 1t (e lowe that 4 I P

ThU". a\ {.r"‘.'*“' o

i L
eeded to p]'i}duc:} X units ﬂfm
nits. I'ET'“]‘ ”]L‘ coslt d!ffﬂfﬂl’]ce ﬁ‘w

B

t per day.

e marginal cost of production is defined to be the exiigiges

be the price (demand ﬂmclion),_'_h

PIICE pey unit.

n Feonomics

ze and \ fraantiny, — e e S —
Nije 3 . pect = . . e IE - e e
] Nvatives ,.',.qp'_!_
ely ds
ted as the it T
Mats
[ 1 amit of outpant m W - wilng o
L unis ol a -
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. it -.mrtrnnfﬂlmdcf'm[wm
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; vative of profit &lmltmm .‘: Cir) The Wermmel e
IM I
[ he rale ”f- Change % :

215 Price and Output
i e . =

i he smountof money wheh e
putput: The quantity of goods o erVices
vy a company whether consumed Of used for further
utput. Generally, we denote the output by x or Q.

3.16 Competitive Equilibrium of Firm
1,1 competitive equilibrium, price is equal to the short run
no firm can sell an extra unit at a price that cover ajl i

48

Kqure wy produc

im C(x+ h)- C(.rj!
rII —— “ h

co

A firm is said to be in equilibrium when Y we— .

: ether © expand
vy or to contract Its output.
A [he important conditions of equilibrium of firm are:
23 *  Making a maximum profit

4 * Incurring a minimum loss

.‘

At cquilibrium price, the quantity supplied is equal to quantity demanded A
1t in-equilibrium when it maximizes the profit When a firm is i
equilibrium, there is no reason Lo increase or decrease the output.

ind variable factors in short run and there are no fixed factors in long run.
Condition for Cost Minimization and Minimum Average Cost
! C(Q) be the given cost function. Then,

et C

C
Average cost (AC) "6 A

Here are two types of equilibrium: short run and long run. There are fixed




d MR -MC) <0
i)

Mﬂn.m

Wives UMY 3

u“{ i]l{ I

i—

dn LA
Scta'd= 0, we have d0 dQ"

grainal revenue = Marginal cost

Here the profit 1S maximum at Q=0Q,.
maximization for competitive equilibrium of firms

L-.[' L
: __“--:' | \,I H'.] 'd() i (_,) ~ U
5 a ol s 1y
oy " ‘.‘f-’l”' L]
| -|1 . “‘ 1S ”hl"ﬁl”]“”l ‘&"-IITCI] _._ii—' { f\,*”{} - -—f{l— {MC).
LI I j ., '.”-] d )
| - at the s :
This ShOW> o Y bllupﬂ of the Margina| rey ue ey
rin rv
.Jope © f the mdr';:I dl Cost curye at the Poitit o ffmunt be less than the
_ﬁ ;”1I'{I'-"‘ the marginal cost curye Must eyt % m_ammurn profit. In other
' | 3 " H - I
tal revenue function and total cost g helow at the point of maximum profit. ginal reven. curve from
P MR, MC
A
MC
MR
Q=q, > Q

Thus, MR = MC is a rule to profit

—~ Illustrative Examples

Belevel of maximum profit, the slope of the tangent to the total ¢oyg

BIUSEBe equal to the tangent to the total revenue curve. "

R,C

Total revenue

Solution
Total cost We have
R =P XQ

3
R =%—10Q2+75Q

Then,

dR  3Q?

40/ % -20Q +75
=Q*-20Q+75

and,

d’R

i =2Q-20

example 1. The demand function for a certain commodity is P

Find the value of Q and the
maximizes the revenue.

- G-Qz- 10Q+75)xQ

corresponding value of P that




CosL.

First Case
P=104-3QandC=-60Q + Q"
" Revenue function (R)=0 (104 -30) = 1040
Profit(x) =R -C
= 1040 -30°+60 -0

=~-40°+ 1100

dr
do = - 30 =110
d’n

o=~

if the demand function P = 104 - 3Q and cost function C ="6Q +Ql
: i 3 .3
then find the maximum profit. Also find the output for minimuyp,

30)*
- q

or,

lmm
()

a . 0
d?
a() 110 =0

55
(/) 4
55

s e

l.'r‘nII I]l'” f.) 4 '

d I R < ()
d0

({ence profit IS maximum wth=55

A 4
. )
vax. Profit == 4(‘3‘ + 110(%%)

~3025 6050
=5 i
3025
4
Second Case
( 6Q + Q°
dC
m -~ 6+ 20
d“(
For maxima or minima, we have,
dC
Ei{_)- = ()
6+20=0
0=3
d*C

When Q = 3, E:f =2>0.

Hence C 18 minimum.
For minimum cost, Q =3,

Solution

Here, C = 300x - 10x° +-:l;x“

300x - l&t'-l-%’x‘

Average cost (AC) = X

bh.n'
- maxima oF minima, we have, Darivatives ' :

-300-10;41-%:’

Example 3. The cost function of a firm is given by the equation
. 1

C = 300x - 10x2+'§x‘whemCstandsforeostandxt‘ormtput.
Calculate the output in which the average cost is minimum.
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Mareinal Cost (MC) is given D)

d{: -:—L 10+ 4 1)
HC :&I_': R.\'. L. f|| - 1L i

M avemge variable cost (AVC) is given by

- J=1p% - 5x+10
3
Letyra- 10x + 10

&=5-10

&3

For maxima or minima. we have.

dy_
d,rLﬂ
3
or 5 —”)-_-0
Or, r—-'?_:—{?

~utput can't be negative

I tﬂl&] o
A ¥ 'I'._.}I‘” .!k.'l-Llj‘ l'?“‘“tp”[ '\,“rl—ll t}]e maﬁ:\fiw
f?—_. :

T'I'Ix_-.! I i'C‘}}["‘,L‘thl:\IE mlnimﬂ?

I

Hence MC attains its minima at x ‘50

—

_q”m!;lrh!'-
f { ""n(_.}

|
O = E)L' = 5
= .
[

& (AC)
1.{."-

For maxima Or minima, we h&?ﬂ,

1
5

0
dx

1 &=
25

At x = 23,

M:}El — "']" - 0
dx’ 3

Here AC attains its minima at y = 25

Elample 5. If demand ﬁJﬂCﬁDﬂ. and cost ﬁlﬂcliun
and C(Q) = Q* — 2Q respective

Solution )
Cost function, C(Q) = Q* - 2Q
Demand function, P(Q) =1 -3Q
Revenue function, R(Q) = Demand function x Ouars:

~(-io Quantity
=Q-3Q

We have,

Profit function, ©(Q)  =R(Q) - C(Q)
=Q-3Q°~(Q"-29)
=Q-3¢° =020
=3Q-4Q%

Dii“l‘crentiating both sides w.r. to Q,weget,

d d

1Q™MQ)  =35(3Q-4Q)

T(Q)=3-8Q |

Again, differentiating both sides w.r. to Q, we get,

ﬂfegivenbyp(q)= 1 -3Q

1}( where - 3
(number) of the product then find Q is the quantity
maximum profit, | find output of the factory for the
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(he demand function p o 20 "Mm..

..:Ir:_.,llalriu the price at : Om
s [ 2 Wh:chnltwﬁf %Iﬂm

| " J o

T 1O + 100, Verif % a
gagy) Fo | 7 Q Y that the Minirm;m aVerag "l con of ¢
RS 1 i negative. Hence, profit t(Q)ig Al narginal cost 3t SIS "‘i“iMizingthe
- wi)) = -8 which is nCg! Maxip, - ay
| $ d I

* Slasa i b , company produces Q units ﬂfoum

. - 4 total coep ¢
=L : Find 3

e
% . 0 i 3 )
}‘,X{"T'[’Iﬁt' '}'h - — . B ] \Eu
= 1 ' 1 L K i 1-.,‘" o =
. a is given by ( 3Q° + 5Q + 30, find tHENEE

o E : iS mhin;
| s b the output at which average o nlflmm,
e st and marginal cost and their values & the ProdtS le’i’é]‘s | the output at which average cost i oy
reoed ek ., g > is equaj
. B o vy dity Is given - to :
% Ty b The demand function for & commodit, 5 by P 13: '“ﬂfzmalcnn.

- L3

e and marginal revenue.

Find the average revenu

- ¢. If the demand function, P = 3U 4r and total cogt (f the total cost function jg C=2 e
C = 35x + 600. Find the marginal profit. \‘ function ; find the average cost

2 A firm estimates that its daily total cost function is Clv) =x" = 6.1‘2+: Il A It ll“‘j total cost function of a company 18 C = x
and its total revenue ﬂuh.‘-I.fnr‘: is R(x) = 28x. Find the valye'g . L marginal cost. =¥+ 30x + 500 el

maximizes the daily profit.

ierevenue function 1s R = Q) - _1{‘1'1 and the cost function c; " ‘Q’
gthe value of the maximum profit. ChAE

If x is the units of sales of 5 product P ;
revenue then find marginal l'e"fenue (I:;]g the price PET unit and R is the

if the dem

revenuc.

e and function of g L3
a4 ." = . = I prmualsP:ZM‘SQﬁ]m&d g
S A i has a demand function P = 108 — 5Q and cost function C =21, marginal

3 v Q. Find the price at which the profit is maximum. Find the naxin s, [f the revenue function is R =Q-5Q%and .
L. then the find marginal profit function cost function is € = 7 — 40
5.  The demand equation for a certain commodity is P = % Q-4 ( pusves
' 2. 7N : . LS e ——————
revenue, 7 ' . AR=13-3x, MR=13"¢%
; ¢c. MP=—8x—5§
The demand function for a certain commedie, : Qz . 2 5 9
* idin Ll-'ﬂ];?!:,_nd}[} IS P = 3 s l ¥ % 3. '1_6' 4, sgmm 125
Find the valye of Q and the corresponding value of p " i 5 p-100 0 - 76
revenue, - Hding value of P that maxiis * T3 atQ =5 1T,n=1
Lzes the - ! »®=16. 8 17and 18
. 2
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rhe side of a square sheet is inweasing

5 ] 5o 1 1 . . at the' I
| PP q.-'-f"’*?h “ what rate 1s the area increasing When the side i?llezﬁfﬁ Cm/min. Ag
3.17.2Physical Interpretation of Derivativ : em long?
R s+ AS ulit? . length of side and A be the
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| | { 8 ! . — b————h || |
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| ok | - AS S
nstant. If the motion 1s not uniform, the ratio ., varies asiAt . y
Al 120 cm™/min
the ratio can be taken as the velocity at an instant. In such case,
defined as the average velocity of the PEH"IR.‘]U tilu‘l‘fl?g the interval E}(Hﬂ“-[f]'e 3. A stone thrown into a pﬂnd pI'OdUCES Clﬂ_:lllﬂl’ ﬁpples which
expand from the point of impact. If the radius of the ripple ;
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Iim As 4
HJ'Id 1|- _-_' - [ § Jrl i [ F<amitaan | : 2 ’ L] H|-I’-"|"“Il':f-r“
Ar—0 Ay~ dy '® 1€ nstantaneous velocity of the particle at the time ] ‘ . e :
.. Similarly, if Ay is t | et be the radius and A be the area of a circular ripple in time &. By given.
' MEAy, L3 > LIC ( Nnange n '.1_'rlli'.l|'l'1' 3 arfinla s : , .
ity of the particle as it moves from P 11 o |
T = 3.5 cm/sec
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velocity of the particle during the interval example 3. A stone thrown into a pond produces circu lar npples which

cxpand from the point of impact. If the radius of the ripple
| & 71+ AV_rin increases at the rate of 3.5 cmy/sec, how fast is the
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16
21,
, di
2" * dt
lE {
" 5 dr e | 51”"
Er:l i
x s o Two concentric circles are expanding in sy
3 7t examP"” of the inner circle is increasing at the rate of 6
av -4 _ . 4 the outer circle at the rate of 2.5 cm/sec Cm/sec and that of
dr 3 di radius of the inner and the outer circles Elre- i
; :
av_ 4m_5_f 32 cm. At that time how fast is the
g ; increasing or decreasing?
When r= 10 cm.
3 r o+l
—_ Py — 'l,lli'_'.lll'“ s - . _‘.n
10=4r 10" < " et r, be the radius of inner circle and r, be the radiys of the out
1 dr me [. BY quesiinlh =
or, 0 _dr 2
f CNYSEC ﬂﬂd
ey
- = d’ -4 CNV/SEeC
— =25 cm/sec
Example 5. Water flows into an inverted conical tank at the rate of 27ﬂ3fm,‘n ; | : )
When the depth of water is 2ft, how fast is the level l'fsiug? Let A be the area between the circlesiag tme t. Then,
.45:5[””{: that the height of the tank is 4ft and the radius of the top js A o l)EllL‘I' circle — Area of inner circle
I iy = ]U'!h
Solution dA | dr 5 dr ]
I_C"f '4!3(.. 5 S pegh o . : . ¥ T+ /) (% —Tt . "rl .
o : bt} f;‘u conical tank into which water is flowing at the rate of 27 : & it
min. Let h be the height AF of : . 5
1ght AE of the water surface and ‘
; £ SUrl: r be the o ITers X 2.8
Of the water surface af he A e “Try * 2.0 SN

f- ] | | i 5, y ® "
time t. Now AACD and AAFE are similar. So,
.';,Hf.*"_- . IEHF'[
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: - flows Into an inve ;
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10. A 1.6 m man walks away from a 10 m lamp post at the rate of 3 m/sec.
%0 How fast 1s his shadow lengthening-when he is 18 m from the post?
5 1. Sand is pouring from a pipe at the rate of 12 cm’/s. The falling sand
lorms a cone on the ground in such a way that the height of the cone is
is . ilways one—sixth of the radius of the base. How fast is the height of the
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8z definite Integral
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1 Short Answer Questions snsider the €Xpression (3x* + 5)=6x.

\oain. consider the followings:

= (3 - 10) = 6x

y ~y
0 [ o 200

—

d (. A
| 2X '5) = bx

-

hus, we can see that the function f(x) = 6x has several antiderivatives. It can

e shown that any antiderivative of 6x must have the form 3 + ¢. This leads
o following definition of indefinite integral.
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yhira an .xar

Example 1.

Solution T
. I+ - . -X
Y o - 14 Y SEC Y (a4 LA s [ ‘-uluﬂle the inte l
B § = gxample . : x dr

ST S P .r 'H 10IT

o e
z - ¥ ol | 5 | ||.l jr, o
" — i oa gy MOrEas a == - H
fehi el {0 WIIEINT ¢ _1() .!”‘

P (1 -x) q__J'I -3x+ 3x2—x3dx

¢ 1 + ¢. (Usual form - no pnnme (dash). | (U1 =L 4y
\ X

=f&—3+3x—x‘)dx
:f%dr—dex+3fxdxuffdx

Since 3 times an arbitrary constani is an arbitrary constant.)

Example 2. (Term by term integration) Evaluate: | (x” +3x + 7) dx.
Solution
!(J:'*..;I ™ -J L'it' = '1.1'._- ._.I_‘ Y _: _-_F'L-»_i:_ f -;,_!"-

_mzc single arbitrary constant since sum of three &rbitl'my W -l

also zr .'..":;'.'f.'..'"'- consiant

3,
= log x — 3x+35x° =73 t e, where ¢ is an arbitrary constant.
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7~ [Exercise 4.1
e

; Fvaluate the i[][‘cgmjsh
d I{l J I}d_r

ek el

o J&ELT: + bx + E)d.r

Z ‘f(w+‘7;) dx

e (r+ 2,
(i 3.1'3 -+ 4'1- 4 5

i / p a1

2. Find the fbHowing integrals.

. (72 gy

- 3 N2=53 4,
| s e
: Vel

| 4 2x + ]
X+ : f-;_:rdx

0 x4+ |

Y oidy

L l""—2
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2 0mech .,
¢ 3[xq !_'.rz_;x_,-}
2 Ve
FI I sf A . l-+ Niﬁln%-hc
i s 6 L!?i:_k o . f_ s i
15 e~ +e |
cOs A dx - e s
ﬁﬁﬂmg 2 1 G '
By Ay 3. X <
(Cabda.. | , T3 rxee,,
g | c lr_!im 2x
2 4 T€
-l‘fa{?h“iqlies of Integl‘ation
i) e
4.~ functi : S
et : . many functions whose inte
ewer {'z'm-,-;lm”‘ e ner® & <ic integration fi gral can not be found direct]
Very Short AnSW! I (", the basiC INEEE Ormulae, The goal of this section : o
' 3P | iques thal change: t.he unfamiliar integrals into f:m_lnn 1S 10 provide
e " ize and find their integrals. € integrals that we
- techniques of integration We di
here ™ 3 18Cuss the .
I ques. following
(tegration by substitution
3 regration by parts
_' integration by partial fractions (simple cases).
1 integration by substitution
hile evaluating an integral, we sometimes substitute o function of integrand
. rewrite the integrand in terms of new variable which is easily integrable
. ihstitute those functions whose derivati : : '
| e - T — ve substi ervatives are present in the mtegrand.
’ 2
5+ gxample 1. Evaluate: Bx® (& + 2)* dx.
: ) .
.;t:.r.. " y a DX TC Iﬁ..‘,Il'nrér"l!} ‘ g -
1 d '..I _T ] = _'3‘.1“_ {L.'fﬁ + 2) d.r
x Puty=x +2
J L]
+X ’ PRt
57+ |
ly=3x"dx

& F-2r+c
£ 3:'?!”(_[-::‘.




=lny *tC

In (2x + In x) + ¢.

Evaluate: f(3 sin x — 4)? Cos x dy

grample =
'Ifr.'.fl-’ t1on . - 2
7 et]1=)(3sinx —4)" cos x dx
Put ¥ = 3sin x — 4
ay _ 3COS X
dx
=3 cos x dx
“L — cos x dx
b
Fhen
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w the p,,h~:'~.~..1_~* | 11} P (5 %), (¥ rﬁ} I,J gin” B a cosH 4 185
. tha qphstitution ol the 'rigﬂn{j:?n h{. |‘-.:-t.t"|'.'l O do + o
g cot O+ ¢
¢’ , then substitute x = a Sin *JH_‘___Z_ .
B - '
Op
. . lht'” Hl”"‘\“tljlu X == a } - ;J'_._lr:__".___,.____,_ E :
form A i tan B — ];"I X ' C;
Op .II \f“'
' _ .~ then substitute x = o At |
- the fOrm A i » 3 8. Integralc: __.!—-'—-:---....__
1 [ I Ce B Op Eiﬂfﬂple X m d.I' .
f '-j.lr-l;-"‘” 1% ]
=5 B 57" x=asec 0. Then
Example 6. Integrate b e R L |I. . sec 0 tan 0 do 8 X
L JP=d =\dsecdo= 2
" nd  VASaS : @ Zatang D\}';
S/ i : _ A de o . -
2 2
2 dx becomes f ~9SecOtang
tan" 0 fl' X i asec29~atan3d3
id . i I
- d
a J sec 0
i .h j I
_ar | = ip - — [ cos 6 dO
K f (4
sin O
=73 +¢
-+ a
X ey §
- H + ¥ {I-_.‘, £
e /X p, Integration by parts
o g : . "
Integration DY parts :
i . B Integratic t;» parts 1s an important technique for the evaluat :
RSKmple 7. [ntcorae | = d The method is based on the Inversion of the formula for g i e
| Jx Vo= et 13 anaes : a4 Tor differentiati
a product. If # and v are functions of x, then We have ntiation of a
: |
: d(uv) _ 0 dv  du
e _ = o ¥ S - -
laf"f- . _'t,ii[_ a "h d-l d.l‘
* & I{'
Put . x Ir]!_-_-h-,-'.-,tf'r!g both sides with respect t
SIn 0. Then dr =4 ¢ s 8 do o Vs 0x, we ha\’ﬁs
&ﬂd vﬁ;_,t"' — . - SN th.? -2 rrLi
& SN o a COS ff. -

a d
l dx (uv) d.l':fg_;af dx..|_fv%“x_ dx

.,., dv du
.J*"ar-d”f'&;dx .. (i)

Or,
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.')ervﬂh" et

g, Evaluate b’ sin x dy "‘“m.%‘
R

'“ﬂ'\'
ple R £
e -l-'l'

il

Rl (ot . | x
| "f\-} y :'I . ain x i
I- [+ x) U ‘hff -’]dl‘ |

A Jsin A clx J “ds 'jsinxded!

-~ (— COS X} fZl’. (- cos x) dx
v cosx+ 2 fr; COS x dx

() ! ¢ cos x 2{1‘ L:c'lﬁ.tdr__‘l'

] | L‘.rle,'{"’:h ..th

[ dx
d ! cﬂﬂx]d,:\
formula. The diffe

. | ¥ = = i, - Qn % -
woration by parts renhﬂh] ' <’ cos x +2 {x sinx— j'LEIT’LJ:: dx}
o .IJ ble function Is chosen &8 N HSUHH ¢ cos x+ 2x sinx—2 fsinxdx
11 ';'|1" gia 3 Ta N - w 5 &
as u 3 J“ = whichever comes Hrst, where Y v cosx+2xsinx -2 ("ﬂﬂs.x)+
T '.I 3 1 y & e e - - c
I ) ‘-L-_n:-..t'+2.t‘51n.1'+2c03x+c

10 |'||.FII:-‘-II'I1HI;I |I -
LD ds r
rrrrr 1pl£3 12. Evaluate: L COS x dx.

I f

] gxa
2 'ﬁr-'l'rﬁl'rj'm
- .t 3 Here, :
oy rketied " cosx dx
| )
o '] function ;-irL‘L’.””mg by parts, we get
Exam .l‘[' q ;'-u Jiuaic ,’:fﬁii :'zll : ¥ f{_’l’ d_'.[_—- __{_j.__(
p 5. i = C08S . . ([.t {:sz) Ield_r dx
Solurion
: . tdr— | E:‘.; I | da =g r.:ns.r—k—sin.r)e‘dx
'fl I dr =rxrj)e f\dy’" =z P : -
£ =¢ COSX T .[Sm.t e dx
— Xé& 'Irl. an

. : e - il
=xe —¢ + C. =€ COS X + Smfj‘erdr*f[.&-x-(smx)k’dx]dx
Example 10. Evaluate: [log x dx.

~¢ cosx + & sinx— [cos x ¢ gy

i :'E‘I" =€ cosx+¢€"sin x— Ie‘t COS x dx

) i | o y U S

I =[logxdr - " cos x + € sin x — [ = .L”cosxdx]
=J1. log x dr or, 2l =€ cosx+esinxte

d J| ;
Ebg-l'ﬂ dr-f[&l—ffﬂg .Hf! di | dr . -

e -
5 (COsx +sinx) + ¢,

; ¢. Integration by partial fractions
=logxxy- [‘;}:_r{iz'

Sometimes, we express the rational fractio

=xlogx- [ 4 integrate the given function.

NS into partial fractions. Then we
’-‘J’fﬂg,r—-_; ¢




partial fractiong
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adbl ~
4 l‘-’
\ B
r (A ::T
Ar+B T CO
i id o r’! 1
\I
A 13 G L]
' (11)
|' ITOr
rd ¥
- g 4
Now
2 -
ar— 11 )
)«
> X — . J A e
- |;| @ I|
= £ : 3 | —— d
.,].t T e j | ]
=Slog(x+2)-3log(x—1)
or+ 7
Example 14. Fyajugie [ —= 4,
X T
Solution
Or +
(r+2y r+2" %7V
s (x+2) (1)
Alr+ 2) ‘ f
e ——_ I
(x + 2

I o | "1'”

e —

~“+2 (xhd)

] Loy 5
il - )t S

.53
ﬁl .t'-t—’Jd-‘f -5kx+2)&2dr

I
_—6-T~ ing{.::T-g}_Sw
(_'2"‘1').1'*‘::
5

= 6 log (x +2) +——
1 } x+2"eC.
ug-uidzll'(! Integrals
B 'r{”'l“-. .'1 i
: . i | : : y
el i ¥ - — _+ L
[ T dr =7 a0 tEE
| ] | lo g
— s | — — AT + :
j.'-‘.'t1 2(? ga-x e
: I L- - .-l—. ] A = a
| F-a CLxta &
j § g
[ s SIH _—}-.- C
| AJa" =X a
f
Werpgllll a0
f YA r

( '-.[".

!'l Npamp log (x + \’?——ﬂz) +c
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g d
2
=7 Iy + ¢
=2 - +2+c.
z EVRfua;,_-_- ,&t’f.t ax
Solution
B b - d,

b .'_m""r-' (5‘:{_ i - __-‘.:-,
SCCx + lan 4

At Onrivatiye
e A

T

l“.'_‘ ‘“‘

sl L L) lll

e X Lan :'l.ll

T &
i cC ™ tan lll r C

qjuale. | x cos x dx.

" oaff ! d -
'- Ax ¢ JCOS X dx J.[-&—r{t) hﬂﬁ:dx}lx

x Sin X J1. sin x dx
rsinx—(—Cosx) +e

y SIN A +FCOSX T C.

it
r;ﬁ,.',., It

| o/ + Ox 10 '\!I:-%- 6.‘{+9+1

= dx

f\J(-t+3_)?+ 12
=log (x +3 +\[x+3)+ D) +¢
= log (I+3 +'\l?:‘6x+ 10)-1-,3_

N
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following mtegraly {"”hﬂillltmn
I | Methng
: vy dx ﬂ.,, '
1 I." : hr
B | 1 2 e
e '__‘T dx
- 2k, L
\J2 2+ 3) ¢+ 04

i< & !
i dx

! - L ft J.;i\nma

x dx
o the following integrals {lntegratiunb.y Parts)
| & O b. E‘f.nxd_x
(¢ cOS X dx d. &Zetdx
(,* cos x dx f

e (trigonometric substitution),

ik

L X
=2 L 4 b. &
, [ J 55
-+ dx
lt'_lq"l]j

_.1yate (partial fractions).
| Vil llatk

Sx -3

_l;'ITmr—B)d"‘

® _1‘"2
| G DGR ¥ J-f;_ 1)1(}*:5 dx
5. saluate.
1 _|.l.;ln x dx b. k{}sec X dx
|‘ dx

 + 10x + 26 d. j =

! ‘ dx
% l \x +4x+5
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‘43 Riemann Integrals

L — - = |
. "8 r " " [' “wold
- MRESSeetion, we discuss about Riemann Integrals.

R

I hﬁotﬂlou for Finite Sums

We use the Greek letter f,gh,:'gm;i_l o write the sum In short form_ For
instance, the sum /(n) At + /(1) At + . . . +
L4

;5/(&) &% which is read as 'the sum from / equals | to n of fof g times

i The norm of a partition P is the partition's is lon

genoted by ||P|| read as 'norm of P!

/ (r,) Af can be Written g

gest subinterval length. 1t is
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¥ — !} 1 ! -
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terval Jla P .I'J'.I, Ifu] L 23T Al I:l: 3
e 1. L\ o+ Lk (.t +3x+
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’ r e NUMDEr 1. ¢ .--_1;‘-;‘. i
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. L ad 'integral of / from a to 5 : ol
write f as | /(x) ¢ b'. Thus,jgy ¥ 5
: = 5(1 = (=2))
B (/G
L mﬂﬁ, ) f‘)‘.l'“.'j L ) ] At 4
|  The existence of definite integrals 15
PR =1x

All continuous functions arc integrable —- .
soperties of Definite Integrals
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5. . £ are I]'.'.:ltir“””] ..tnd 1 THE Fundamental Theﬂrﬁm nf Calculu
. - : ax ,l’..;”“i min/ « : - mi L F'E'[ 22 ' 3 z Pa
: Vax - Min ,m.”u;th:’}_ [t m "lrnum Tnﬁc' qnluumg at every point of [a. h] e ' rtZ}‘
238 1k r 7on [a. &), then contits :
Valies o0 Sy i it/ " £(x) dx = F(b) — F( Sy a“tidel-ivativ .
; ]1 f(x) dx < max [ (b—al . then I A a). Cof fon
rin f. ~"'I.—'" ; 111 ;
| f(x)dx 2 X - B :
e e A | g(x) dx _ging | f(x)dx
Domination: j (X) = 51 . of I .
: giel :
A 2 A . . antiderivative F of
' >0 on [a. 8] = J'r f(x) ar = U. gind ab antide Uff-
]ll s TILX ) = l"[“’~' | : |

| alculate F(b) — F(a)

FA

‘ ndamental Theorem __ sumber obtained in step -2 ; b
_4' = EIEFU AR, lependent discov \\ P 10° pUmEE 1 SIEP - 2 is the Value Uff J(x) dx

~m of calculus is the in e :
The fundamental theorem of calculus IS ne 1 ry by Lelbnf

y } s P | i Fore "'"-.-' " F . 2
and Newton. It gives the connection DEIWeeT differentiation and mtcgratign | Eval ‘r-(‘:\
' 4 ‘va uul{-::j 2x 4+ §
Theorem (The Fundamental Theorem of Calculus, Part 1) E! smple 4 | yde

'_:_':'_- gontinuous on [a, b], then F(x) = | /(¢) dr has a derivative at e‘v’ﬁry Solution

. ‘ ﬂ
]' x+5)dx = |:2 lz_"r 5_{\
' dF d | =

point of | —=_—= (7 =f(x);a<x<b.
point of (4, b] and ;- drj_;mdf f(x);a<a

. =(0° +5 x 0) =~ f(2a%
gy . {( 2) + 85 % (-
Fmd&'r'd_t'ZJ cos / dr. =0 — (4 — 10) (~2)}

I ~ 0%R

Hm me u . - . ! . ™, d :

’ pper limit of integration IS not x but x*. To finc ap
covmnadadts A X, 10 hind

dy’ we treatyas

i

tbecomposfte ofy= [‘L‘US tdrand y =y

|




Example 3. Find the value of f cos 7 dr.

=TT A
i

Solution '
Here,
x3 -
e = J.ms rdr=[sint]
~/3 ot

B ./ n
=sins —sin|[—5
3 ( 3

=sing +siny [ sin (-6) =~ sin 0]
_V3. 4

2% 2
B

2
=3,
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.I ( b, _rfii: v
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1 "2 ledx
X '
} 4 =— 4 .\'J{h' N
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2 0 de “
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L & “'--...________-‘
2 dg
3
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= ifp= I cos f d¢
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p oy b. X dx
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0
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1
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s AN . nartition of (), l] h“-\" I /
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~ L n fi 1 integration, say, frc v D,._r".}".'ﬁ-.eﬂ
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t-"iﬂ
Site integral. >

4y is an IMProper integral of !
. *d YPe 1 since the ‘
J PPET limit of

ind J’ F (x) dx L earall

|| b

on 18 infinite.

#d¥ .. an improper integral of type 2 because , ¥ ‘
. x 'S IOt Continuoys a1

_rals with infinite limits of integration

qUIS: !-fl-_-i__miw at a point within
|' 'I.,. |_|

=L TE ——— e o When the limits involved exist. we evaluate such mt '
] ' efinitions: Sgrals with the

nleE's
(717 Ll

vl

foll0

« fie CO inuous on [ﬂ, m), the-n i s lim b
frewe= To

; :
+ 7is continuous on (= eo, b}, then ff(x) dx = lim }f(x)dx
L] ad— —on .

1 .

b
& E5ln
= A dea : _ 1¢7is continuous on (a, b), then J' _ lim
b Jog: : cos log2 — [f /15 CO { ] f(x)dx C>a ff(\;)dx
a
c

b c
| nswer (Question 4 Iff1s continuous on |a, b), then If(x) dx = ch_:,lb" J.f(x) dx

2 ob-a) ( B 4.
7. J(b)-/(a)

n cach case, if the limit is finite, we say that the improper integral
converges and that the limit is the value of the improper integral. If the limit
fails to exist the improper integral diverges.
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Definition

: e : «  ~imt Aof (4 bl then
If_j hf“'[]ﬁ]f‘_ﬁ ,!'ﬂ.'””h.' at an interior |l1[””- & 0Ol | &4, ,r “I L

v

f,f—f-r»} dr = j‘_.f';'.t'f dx + ! £(x) da

ke inteeral from a to b converges if the integrals from @ to d and d to b bog
eonverge. Otherwise, the integral from a to & diverges.

: . da
Example 2. Investigate the convergence of / ;
‘. l"' = !I| }1
Solution
mﬁ' r'nregmﬂdffu : _r_-_..;‘-.;.‘;_'{‘r'.'?g_‘{ ,r}-I,-.irL. tr=1 hUI ]:I 1
2 il EEFRIRA] Al . E S C{) -
(x—1) ﬂflﬂuous
on ﬂ)’ U 3”d ( Jla -:J‘r. Tﬁr convergence of the inteoral 5 0. 3
. : : g4 { 1€ 1Integral over
the integrals from 0 to land 1 to 3 [0, JJ depends on
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5{] th ;

£ition (Integrals from — oo {0 co)

tinuous on (—
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¥ormula 2. The area bounded by the curve x =/ (y), the y-axis and
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Formula 3 (Area Between Two

v
curves)

Here, we want to find the area
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F2 = 2(%), and the lines x = 4 and
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y O ) SRR
r she P Ordinates I N
AN e i () id ~

v X=-2XI15 .th the cury e e

Curves,

¥

i |
Ly
4ng
the

the two

Y2 =g(x}

2 ._ v L b

Antl- rhrlwﬂiua

- ﬂpmhm

hy h

"y dx ey

) . l J v Vi) ds
p g

ok the region hm:ndcd b
e
¢ = g and x

b : Y the .
15 g""tn h}'

e B

Iy

s f e gy

A * o

?iﬂpm
> -
E‘: i r]'.."l'r'r it'f” L'Il]ﬂ'l'li: !-”-]d ltn{: urc
1 ”L“-L-L:; -2%:(3)
, y=X .. (1)
P g (1) and (11), we get,
. |13
” = 42
4x =0

;=A

T y=0andX= 4

" =0 and x = 4 are the ordinates v

1.Cs : 3 1

< intersect. Points 3 _

L'..:\‘- 4 Whlch

he cequired area = f(-m ~ 5} dx
1]
4

= J (War-2) &
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3 . ; A =5l > ‘ E , — ()T —
Definition: A function with a continuous first derivative 1S said to be smooth 2 \4 )
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Wolume and Surface Integral B >
" Solids of Revolution A la 2 (The volume of the solid revolution about the X-axis): Th
ccd ' » AC and BD — ™ L solid generated by revolving the reo; "
: et AB be an arc. , 2 on ABCD Jume ©° e == : . functi [ = : 'BIon between the‘:’“ﬂms.and
| " pempendicular to OX. When e eion = % P ph of 8 CONUNUORSSENEE _f(y]?'o*ﬁicﬂyidabqut X-axis is
i revolves about OX, a solid is formed. This 1S ) C k.
— g . . Sy : ( , T .
called the solid revolution oI arc AB about D) ¢ 2y f () QY-

OX.
Formula 1: (The volume of a solid revolu tion about y-axis.): The Vol

' ' : ¢ The region bounded by the curve y =
of the solid generated by revolving the region between the x—axis and e f ¢ ample 6 y 'd?(, i

‘ y-axis, and the line
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generate a solid. Find the

- 3 v 1 r = F o N i <« /] {: ' 'c:: . - =
graph of a continuous function y = /' (x) 2 0, 0 < a < x < b about y~axis jg volume of the solid.
&
V=f.2.?r.r_f(.l') dr- 5{?;””‘.!” :
a The limits of integration: y runs from
i

( odad= <

Example 5. The region bounded by the curve y = ‘\/T the x—axis, and the line

X = 4 is revolved about the y axis to generate a solid, Flﬂd the
volume of the solid
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Find the area betwee
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c=0tox=7
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Example 3. Imnd t . ( = ] (sec” x —sin x) dx
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p=>0 y=snx

Solution

The given curve is.x™ = 4a(}’ 24) = [tan X T COS .1']:

—

|

T Tt
= tan I+ COS E]— [tan 0 + cog 0]
1

:|::| ﬂ-ﬁ)—((ﬁr])

Hence, the required area bounded by y-axis, the curve (i) and (ii) is ‘}a,xd - \ﬁ sq. unit.
y 2
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At y-axis, x = 0.
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0= 417(]’*- 2a)
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4.9 Simpson’s Rule
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L ac IS b ctions € ma :
/0y dv. the interval [a, &£] has divided into & func he problem. The process of Setting up a model lt' ical
I j / Ug del Y : : » SOIving 1t and
| L 0 _ing the result is called mathematical modeling 3
L qr-*-ﬂh'hTHHhilfuufh nuwrval(k]. mwr“' ¥ :

\fan! physical POVICEEREER .baﬂed on velocity and acceleration (i.e. on
:i.:ri"--"' es). THUSER r.[md?l 15 an equation containing derivatives of an

tion € ontaining derivatives of an unknown function Such an equation is
1 4 differential equation.

|
e
{ LIK L

f [x° dr using mid-point mja With
‘ O

¥v 1Lk

+ cquation involving differentials or differential coefficients (derivatives) of
function is called a differential equation.

A

If the function, whose derivatives are used in the equation, is of a single

; & ”;'T?: d. 1.89 independent variable then it is called an ordinary differential equation
2. Approximate value = 2.34375; Exact value =2.33333
4 a 1.002 b, 0.1973 c. 2.0008

! "r"‘-.:-.fl ¥ rror (N .. 8 Or more points f_']‘ 52_9{}98

ery Short Answer Questions;

2 OO |

y' + 6y' + Sy = bx etc.

Tvati ' ' i to two or —
hen an equation contains the derivative of a function with respec _

ore than two indepcndent'viiri'ables then it is called a partial differential

uation (PDE).
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or ' 4 Diﬁerentlﬂ‘ Equation
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:.1'“ iy

: e 1S free from the derivatives and
ar

rential Equation
. differential equation identi :

siven ntically is called

: 1ht’: ‘iﬂluunn U‘f

5.3 Order and Degree o1 Diffe

the

Order of ODE 0 he
the highest derivallve of the function present in the dify; " T equationt:
; ~ der of the ODE. St jife"” .08 x + b sin x i '
equation 18 called the order | f the ( v le: ) 3 Vst x 1s solution of the di '
{ amj = dlffﬂﬁnual {:quai.
i 1O

qnli-ﬁl

The order ol

I,I_'I |‘ .

il
LI

e

For examples
di : - |
—-—=1 H.i."::' I 0l ”ri.f i I..‘:-I' . ]
4 I n OD )1 OTUC | '.1“'|.d ParﬂCU‘ar 50|Utlon
Py () e e g ists the numb ey
T s T . 4 =0 is an ODE ol order 2. tion CONSISES the number of arbit constants equal to the order of
; ax (LY £q SUM ; . Oracr o
| a1 equation then th is sai
. cential equatio en the solution 1s 5
o differe | said to be general solution.

The ytion obtained from the general solution by giving particular values to
nore of the arbitrary constants is called a particular solution

l."ﬂ;'ll
example: V dv ¥

Degree of ODE
terivative of the function present in the d:
ed

» of the highest (
fractions and the radicals is called th |
(& degr%

The degrec

i on after making free from

:-.I'i..!l'j'n.'l'li“- f_"i i

f an ODE

3 = ¢x is the general solution of the differential equation 7-=
ag x
e set the condition y(1) = 1 then the solution becomes y = x which is the

[f wi
dy

]}aﬂi:;ll;n‘ :-.;n\utlcm of d).' — 2 %

For examples

L

—+==g'isan ODE of degree 1.

n is obtained from a general solution by an initial

with given values xo and yo. It 1s used to determine a
An ODE together with an initial condition 1S

A
cmhiiihm _‘-‘{Iu) = Yo,

value of arbitrary constant.
walled initial value problem.

4 Differential Equation of First Order and First
Degree

is an ODE of degree . . .
) - i p;;mcuhlr solutio

dv\* _[dyY 8 .
5[==| +4 =0 is an ODE of degree 3

Formation of Differential Equation

A differential equation can be formed by eliminating the arbitrary constans
!

"IN
4.4 4 L%l N

which can be done by successive differentiation.

dx + N(x, Ydy=0 is called a

ion of the form M(x, ») :
general solution of

A differential equat
differential equation of first order and first degree. The
this type of equation contains only one arbitrary constants.

Example 1. Form a differential equation from y = a cos x + b sinx |

Solution

inary differential

Differentiating both sides w.r. to x, we get
following forms of ord

o,
t enl [ A
n I‘ll.\:_,'-1_1. 3 L S e

di
dx

asmx+ob COS X
n this chapter, we Wil

r and first degree.

Agi Forontis |
gain, differentiating both sides w.r. to x, we get
| quations of first orde
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{. Variable separation form
5  Homogeneous form

3.  Exact form

Differential Equations

sq, We Nave,

4. Linear form s
ve: } | b
- & B . L] -« 8 :1 o L -
5.5 Differential Equations with Separable Varig}, P
' e ST ST T __1_____4?‘? o
[f the equation | ,'
M(x. v) dx + N(x, ») dy =0 (1)
~an be written 1n the form da
fix)de + () dy =0 A1) - hoth sides, we have,
hen the equation i< in the variable separation form. To obtain the 20 v = [detE
ve integrale both sides of {]!} utl{] 3’ L
; p e ol
\
(i) de+ [f(v) dy =« ..(111) .
- L'|‘:'. i :!.Il \ T i }
here ¢ is an arbitrary constant of integration. E ) PR
W4 b b & - — 1 .::ll["l_ I
narticular solution Alleg Exar:-.y:.le 4. Solverg,= .nr+x
7 Illustrative Examples o
— — — T _\_\ r‘__l_____..'.".-
dy V Xy + X

Example 1. ."'éa‘fha.'.';_'i";'- 3

_‘H:‘.":p"n"f.HH

Integrating both sides, we have,
logx+ logy=A

or, log(xy)=log:«

] i
: dy x
Examp!e 2. Solve:=5—=—-
de y e
Solurion

I'he equation can be written as,
ydy=xdx

o, o xvt1)
1ydy=y+ 1)dx

x+l
—*-')dv—"( )dx
e (1 *'; d}'=(l+‘; dx

Integrating both sides, we have,
s+ logy=x+logx+e
or. logy—logx ty=Xx=€

V
B lﬂg: + y—*I=Ca

TRy NT=y &=0

Example 5. Solve:

Solution
Given,

\[l—:n? dy +\h ";d" =
0r, \Il—-—_—yj
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‘Integrating, we bave,
Sin x4 sin” y=sin" €

BT T

dy =) 3. 27

gxample 6. Solve: 37 = ¢

Solution
Here,
LI_‘-_
dx

(il 3 i
L . »

0] — =& “ 1-|{i.1

& l-.# = |l.-. T 1.}(11'
Integrating, wWe 2eL,

| & 1__3I| (e +X }(i.l o

1 s

=+

= s dx dy
EXE.’T].DfE‘ 7. DOIVE. = !__" - 1 4 1': = ().

Solution
Integrating both sides, we g¢el,
'.I_ . tft
{ r !_ ¥ } I|- ¢ b 1__ [d” L

tan x+tan y=tan ¢

Example 8. Solve: xdy—ydr=0,(0)= 1.

Solution
rdy—-ydr=|(
or, X d_t' =y dx
dy dr
Or, S = ——
V €

sin {1\JI—u+1v‘ i i sin” €
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1 T Clh s€ _5:_1__
55 s, s O : , R
" e order and degree of the following differential equations
s, d o
ly 9 b =
= dc - Sinx S
_t — w
9y y+ (@) = o —_
F 1% dx d. U’ Yok 4}'1 =g Al
. -

A8 L

1ve the following differential equations using separation of vanables. el _
d
xax—¥ d_}’ =0 b. é =-% ——
dy x+1 =
1" J:‘ A s
L S 3 1 x* — A
dx vy +1 d. (@+x)y=1 =
ydx—xdy=xy dx £ (of+x)dct (x +y)dy=0
: gl=gx+1 h. éy‘=€"-“+e"‘ S
> dx y dx r
secxtan y dx+sec’ yanx dy=0 %

F¥dx+@ Tdy=0 J.
8

' dv 1 +cos2y —0
- A 1=cos2em |

. Solve the initial value problems
dy = |
dy BT 10 —x, 0)=-1
¢ 2)=0 dx
1.t = 2% =TI 2)= 'i

dy o2 g 5,0 =0
b
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heck whether a first degree and fires
ree 4

; _
| order differential

g mmﬁllhﬂcs 2 Wi eneous Of not, put y v and see whett
i - ! I[“II : ICiNeT or
"~ Very Short AES“ET Q}jl_sstlt_lllﬂ e 3 Vs e it all X's € ancel out then it is homogenes not all x's
— — i S i or ™ BENCous, otherwise it
| dly . [dy\ | oV s
1. Write the order of the differential equation X g 3 *.¥ ' ((_LT) =0 SO ¢ ...-."~'“““
| i : Al P 5olving Homogeneous Equation
2. Write the degree of the differential equation (¥ )"+ 3y =" | ,gdurt’:"5 d
(v _ ay : dy
3. Define ordinary differential equation. f sy in the equation. Then, G- dx = I-t-i-;
.L E H]l.j [hf hi"‘i”““” o1l d_‘ = X . .I __I‘,',l'.lh". 'Ih{:"sl: v -.l'lll'f...'i 1“. lh'l: gWEﬂ EqUHIIDH G(x) we g‘-t
!
{riswers L_l.\- d(Vv)
T-_.—-__: |. degree = | b. order = 2, degree = | \ y+* ax
A S deorce = 1 d. order= 2, degree =3 . dx
or = e dv __ _ = which is varia
srder = 2, degree = - 4 s = ble separated form and we solve it by
= b. x=cy c. FTHx=gtyte 2 o0 Srating both sides as in previous section.
X . : 3
r R ‘ Y - - T C I —i=y [] e —
| tan X T ¢ £ log (I ) i (X 0 1)=¢ - fllustratlve Examples
0 2+ 2r+ch. € gtx+ce i &= L 5
in x 1an py = ¢ k. cotx=wm@any ré b Sﬂ'l‘w’t:‘ d'l-' :-t +‘E
L.‘ 3 . 1311*!:.}13 1' . d—f X
3 A = Tr 4 1() b. P= 10x —= ! C. _11_31' ..1_1" 1‘5_1'+ In E
- | jri'-’-f‘-”” d
‘erv Short Answer uestions )
_- y l.f e equation can be written asi =2 +" which is of the furm @(X
g 4 s B . Yoo 1A
Q0. it is @ homogencous differential equation.
5.6 Homogeneous Differential Equations put, y =%
e e S e T Differentiating both sides, we get,
- dy ox ) : L d dv
1. ffarential eau: " 5 —— W ay __):'_ e
differential equation of the form 4. —- , where ¢(x | gy " = e
' ? drx Y& » ¥) and Y(x ) dx V dxiEia
are the homogeneous functions of X and y of same degree, is calleg s v dv
== 1) =y dx

homogeneous differential equation.
s in given equation, We g€t,

in order words, a differential equation of the form dx Q(X)ls called

idd

putting these value
7 dv 2x tvx
! 5 © dx_ X

homogeneous differential equation.
or, v+xI-=El
| dy ¥y V. " dx
For example, the differential equation R~ ‘"+tan is  homogeneous dv
~ B, X3 72

differential equation because it 1s in the form ) :
. or, dv= 2% (variables separated from)
. dy ytl Integrating both sides, We have,
But the equation — = S . ! ' 1t10 | i
quation 7 -=""_"is not homogeneous differential equation becais v=2logx+log¢

dy x+l

(¥
it can not be written in the form - tp(‘;) as R.H.S is of the form

.
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eneous differential equation, .
hen x
dy
™ ‘._. ! -'-15 |
ol _d.!'.- e P . .1:.,'-1'1 (1) hggﬂl'ﬂ{.b.
Example 2. Solve: xy 3. =* + ) . v v
s V2 4+ tan "
Solution 1
Given differential equation 13
d) gk 3
)4 E1
Lfl 1 : | :
- -3 (1) .
O da g |
— ! ]
[his 1s homogeneous differential equation. Ot
. then '
f;”f 1 1 : £ ot e -
dv
1_1- 1 3 I,._-_ lOQ X 5 l“'jg{'
(ft l.fl |
. laog CX
[hen, from (1)
dy e+ v
AT X.
dv 14 Vv
.4 Solvex _1'dx=(.t; +)'})d}?
gramP™
_:_‘. - ll" 1 }'_) d}‘
» ;.
] X - -‘,‘
[his 1S homogeneous differential equation.
out v = vx then

i dv
.= Vit

Integrating, we have,

: X
- logx +C 0 '
& = Hence equatmn (1) becm“'
fyy =5 dv .
Or. |"'-.I| __{hju_l'—-{'j 1______.1._—-!-3
A/ 2 dx X

y=2x'(logx * ¢).

, Example 3. Solve: 3‘% '- ‘:‘ + tan ‘E‘ cv ey
g | pr, 3o .
Solution d:" Li:— V_
Here, ST V.
dy ¥y ' =4 ]
& “p ot - (i) P or, <Gk

The given equation is of the form Q'E: - y
de ~ N/ ks

‘-ulf'-'
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R, ] .ﬂ.l. ' _EF- a t'!
s -("“l 2 v) dv= X
Integrating, we gel,
v
':;"Flog v=_Jogx + logc Y
-1 .‘l". V
e RS S log =+ log x — log ¢ |
- Ji A | i
, | ay
dY = v+ X gy

Y f (1)
—=log i
or, a3y & o

;ation can be writlen as

: 3 :] (1) -I-"»IHL‘U"F :1':
; e . Y YV &
i V) v
L4 : X
¥ - 1 h,\ ‘
olve: ay x ty : ,
Example 5. DSolve: A5 e &Y
A d‘-.
Solution
The given equation 1s =
S d.'n = ,
X
1)
Put v = 11 \ dx
1 )d g e —
. v A ==l
dy dv o 7

o G i
H!:.HLH dx

: O eorating, We get,
Now, the given equation 1s [ntegr

g | |

| | vl
I

| R

-2

o
log G—T) =log e

2
y—1
—) =ex
1“
2
‘l
-—1
X 13
Integrating, we have, Y
£ X
‘ — =logx+logc E
v— 1| > - y =
2 y F
or, = log cx 2
-_ } U"‘x) e
X
2X !
Uf'. == o n
Xy 85

- dx
,,_l .-—l-—'-dv-J'lvdV =J.“;'+1ogc

_"10-,1 (v—1) ~log v} = log x +log ¢
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77 Exercise 5.2 B - ™ Y
Solve the following differential equations:

i nnswers

2. y=xloger 3. y-xmed 4 A

§ y-x=a 6. Y(x*=-2v)+c=0

71 | y 1 !
-. tan (‘—) — g 5{15[1 Yy g 3- C'U'I(‘IL) — Iﬂg.r+ C

5.7 Exact Differential Equations

A differential equation M(x, y) dx + N(x, v) dy =0 is said to be exact i ther :
a function 7 (x, v) such that M(x, ») dr + N(x, y) dy=df(x, y) That i

o
ey
CAISIS d

the given differential equation is exact if M(x, ¥) dx + N(x, y) dy is exact o :
perfect differential. - :
The differential equation M dxr + N dy = 0 will be exact if and only if .
dM oN d
% FRL here r—")_—r“denmcr: the partial derivative.

. En-.;r:.r' differential equation M(x, y)dx + N(x, y)dyﬂ“i 0t exact

For example: y dx + x dy =0 ... (i) is an exact differential equation since
can be written as y dx + x dy = d(xy).

So, equation (i) can be written as

R S SRR

| v L . diffe PR . exact b
I g_t':-‘ rad % %,:_ _11* : .[ i sides by some suitable function of and y. This sy u}ﬁi&
. 'y ¥ L X P ~a DN ‘ . 'H 1.d an 1 t . - * SUlabie
_ y is call€ integrating fa . ,
Yy dy Xy GOF - of X and B 1actor of the differential
3 _(;f_!. - :.,'_—-1— 4' e _"Il_-_"‘l"__- 3 .L'l
Ldy X dx x +y o 5 T eatiah
d L.;.l""'l 2 Che differentia Lquatmnxdy—_p&:gisnm“aml
l“ - 4 _.__l: . ; ]1”] .
g 20 v+ 6. XYG.=x ) o : e
=7 dx (0 ol oth sides by 72 then it becomes exact.
a X I 8 ii..}.: - -I_ D | "'L. o
- — . = S e : '
da A 1 d_‘l X In X . -_l'-rh-._'__...-}"'."}}j- —— d(::_')
Lal 1= IL.-
. T . fh
7~ Very Short Answer Questions - equation DECORES
I Define homogeneous differential equation. \ §0. =

. [=]1=0

> Write an example of homogeneous differential equation. S\
: . - -~ we have,
1 Write the variable separated form of the homogeneous dify, leg! iing, WE
dy ( l') : eremiﬂl
~quation 5—= ¢ | = ) by putting y = Vx. i
e dx & 94T :

Heres

The following
d in solving equations.

usc

_—*—_

Dlﬂﬂfﬂnﬂli E’qumlﬁﬂ
Unrs 23
95

cential equation which i1s not exact can be :

¢ = CY-

: *- ‘s the integrating factor (LE.)

xdy +ydx= d(xy)

X dl’_‘_‘j}’ dx =t de) 2 :
X _ .
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x dy -y dvy _Q.:l_'ﬂii_l 10
: Ay J A mﬁi
= d(log y) — d(log x) .II RS () ~y+ 1) dx 0
= d(log y — log x) E 2) ”1* 1dy —2X dv+ydx—-dx=0
% A V 1 y 4
= d(log ) C Y L+ a07) — SEISCEIEE
— '~£~.._.J, % e 111. } (H.‘-'h' d(3y) - d(x) =0
(A L dly
2y dx s x” dy ’(_‘_\ b a(xy) 5 A x)=0
O B 4~ - = { : ] # .I A . o
| [ ¥ '.'Il catings "'*"; ,.U“t“;: Py
_ﬁlltlli o av _E_ i 1 3y~ . :
O Y Eoa () W5 .
qolve: y dx =X dy = xy dy.
p dy —x dy e
dy 1 : Y . E:ﬁlﬁ -
: S : d(t:in [—) fjon
l} ’ ) Here:
I ' LI'.af : ; {'l\. - .'[_"n' d’."' ’
- 4ing both sides by ', we get,
[llustrative Examples cdy _% g
_ S e - = - d
example 1. Solve:a dv—ydy=0 e .1_
- | '-,d."l
Cali ! A )
dv =0
~ "t Rl () )/ d.p
ol

|
' gl f
y X
(i~al=]]=d
HIne or, ']|-,_h'1':ﬁ (’i)) y

: / X
i — -_— — 0
/ or, dtkl'”g Y. s )

[ntegrating, We get,

Example 2. Solve:xdy+(x ) dx = 0. log G.D - y+c.
S g S
e: seczxdx'l"m}’d?'o

Solution

Example 5. Solv

rdy+(x+y)de=0
0 Solution .
sec” x dx + secydy=0

or. d(tan X)) d(tan }’) =0

or, xdy+xdv+ydrx
or, (xdy+ydr)+xdr=0

or dmwdfi\-—n

' 4 (-” | or, d(tanx+ tan y) =0
or, d (.1_‘1- + "-rr) =0 lntegrjt:;f} \’:’_ﬁfﬂ*
5 tan x =C.

Integrating, we get,

X
W+s=¢ T b b
i & AP A4

-
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+ cocy tan x dy ()

6. Solve: sec'y fany i

riw BT

.
Caluli |
P | 0 can be wrnlten 4s
The given equation :
tan y(sec x dx) *+ tan W(sec ydy) =0
or. ftanyd{tan ¥) + tan x d(tan ¥) 0

or d(tanxtan)y)= 0

Integrating, We gel,

tan x an)

7~ Exercise53 A
A it ruations by reducing to ﬂx;lm\

following differential e«

Solve i€

2. 2xydyt+ty de=0

] { ™3 l.i {
A L 4. 2pdr—x"dy=0

4 i

- i |4.-" {) ﬁ- {:—1..-".1.‘}"{,1.-*’ {_1‘-+-1‘)dx:=0

- { ' -y

d y—x+1 . (r+ 507)dx + (5% + 2 _
- _'_l‘_ _ — l:l 8 a ( _} _p.}d-vzo
o sinrcosxdr+sinycosydy="0

Verv Short Answer Questions

0 . . B _—"'"'--.._____“
{. Define exact differential equation.

9 Find the solution of differential equation y dx +x dy = 0.

2 Find the solution of differential equation x dy — y dx = 0.

{nswers
| 2. 0 { 3. = 4. Iz:q}' —
5. 6. W+’ +2y=cT. x +y -2xy—2x+ l0y=g
3. Z) ox’) 9. sin“x+sin"y=c¢

- -y

5.8 Linear Differen tial Equations

A differential equation is said to be a linear equation if it can be written in the §

form

dx +Py=Q o)

where P and Q are functions of x (not of y) or constants.

"l he :
ﬂ’ﬁ Li_l.,'lﬂr a5 l_!‘-
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ential equation, we multiply both sides by o &

1 1\.IlL-"“ l\"llls-. E—'-‘:li
oth 5

(O e Pt dx 4+ C

. golutl

L

on of the differential equation (i),

—tor ¢ ¥ s called mtegratin R G, S TSR :
aciots ; gfaﬂnr I“M We write integrating

(i _strative Examples
: dy Y_3

nlé | h”lx c. 11_1' X B
gmr
5."||""r'1f”ll

=X
Multiply

Q'L + yv=X
'tlil_ ] J

or  d(y-x)=xdx
Integrating, we have,

ing both sides of (i) by x, we get,

X
Xy =T + C.

L ..
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“L+l 't'_

Example 2. Solve: §

Solution

Given equation IS :'1% +y=¢€¢ . (1)

(1) with 74 Py = Q, we get,

Companng
F' = ], 'l_] - .«;:
[ i l- kA
e
,-‘"

Multiplying be

F
al
AT & €

: L[1 :

dive)=¢€ dax

L
[ntegraling both sides, we get,
'y
l:

l y = = ‘l.

AR
Qr | | = 1

LE &
|

=4 & e

Example 3. Solve: 4.~

Solution
Given differential equation 18
g'_l‘. _]‘ i - ;
dr =x e {l)

Comparing (1) with gy +Py=0Q, W
TR . we get,

| ’
P '?.O—_:l
Now
e pd
| IF. =¢
1
_ lxr
= log x
— ll]#;'
e |
.—.r —
X

sth sides of (1) by equation, we have,

g b
AU
i | \ !" X
LL‘. 1 X .
11 ||’- .:t:l
- {3 1% dx
> |
o\ x ing poth «ides, we gel,
71 (i
“]lh.
v 72X d"
\ 1' 1 {L
4 PR
dy
ole 4, Solve: tan x dx+ y=8secx
m
g1
Sﬂhf“”’
Here
4y L y=secX
1:_1“ A d_]_ 9
s by tan x, we have,

pividing both side

— cosec X .--1)

d +cotx.y
d.‘l.
Comparing (1) with dx+Py Q, we get,
P — cot x, Q = cosecx
Pdx
1F 5
_ S
X Jog Sin X
=sIinx 3. L
Multiplying both sides ofequatlon@) by I.F, we get,
dy g SLSPBN W=
sin x 5+ cotX: sﬂ'.x-.,ye-cow: . sinx P <
L 31 AnBRupE tuhu.n T
i [ A Ay
or, Smxa'zx+cosx_y d;_;m d.!’!.l ‘;}rp
'3,__'._1-: i
or, d(y. smx) ;i"ﬂﬁﬁlﬂ B 273
lutegraung, ﬁa.

ysmx-x*'ca
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h ides by Vs we have
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all 5. & . —dL * TF . |
Solve: sin x5 + (cos X)) = SIn X COS X. | " o) A1)
fli L[:, -y
f
Here, ! ’ then
sin v 2 4 (cos x)y = si ot &
’ N = & T
dv )y = SIN X COS X LTL, T
1 X 5 e
dy  cosx _ - & iten (1) can be written as
o, gy sinx’ otich o ..(1) (ev ed d
J £ '] 4s {...(0)
Comparing equation (i) with S APy =W Z -3 .
qc T Py = Q, we get, B . g linear equation.
p = COS X Q = cos “]':I'L- 4 |
sinx’® % Sl p="" = —|
- P dr 1]1‘-[1:_ X
' } & 1 dx
£'1'Liu'.'l. L‘
E, {L. A i } l-.-l-l.h
— ‘_-Il'b SiN X i
X log 2
=gIN X : i
S : L  JopX
Multiplying both sides of (i) by sin x, we have e
dy . 1
sin x5+ COS X. y = SI X . COS ;
sin dx COSX.y=SInx.cCosx X
: ¥ ion (1
or. d(y. sinx)=5SsIn 2y dx u.l]upl"ﬂﬂg equali (1) by 7, we get
[ntegrating, W€ have, | d2 .1‘., - = _.L
ySinx= [‘; sin 2xdx + ¢ /1 ) . ']'d.l'
& qf, dk.:; -2 X
integraung

= | /- cos 2x
or, ysinx=5(—> J*¢

£ o |
y sinx + 7 COS 2x =¢. l
Equation Reducible to Linear Form , -‘; =c—logx
An equati f ¥ dy 7 1.8
quation of the form 7+ Py = Q' where P and Q are functions of x e log x. |
alone or constants, is called Be ' — | - L
: S rnoulli's equation. If we divid : | . R\
", the equation is reduced to linear form. o bOlaIces by _@ Exercise B e = =
Slve the following linear different al equations: .
Examp,e 6- Reduce [hC eqUali{}nﬂ_*_E 5 2 ], ' g 8¢ Aopiry UG " ] d ¥ 2
qr Ty~ inlinear form hence solve it. dy Sy &_y=¢ R,
Solution 150 1, dx+y=1 I A dx !
> m i FOOUGIE . =
Given equation is - G it 1 d »
! '.I" _.il gt £ : l.‘, = A =
ELE_’_'Z i 3 gl+£=x T % '%1* J 4- xdx y X
de "x =7 de X |
B gt
\ ,ﬁ!mp’liﬂl’, T T
| - N
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cential Equations

. piffe
. dy ui?"
s {-l +f}—dl+:'ll = 4x 0. 'd't 1 21' 18N x = Rinx Fﬂl ,I'l\. “1—'- a [1LandLnl VBI’IBb]E mml ln% y
dx | Bl eV +f dependent variable with vatiables
4 ; ol ~HVED rcsm to
dy b erivall 1 ndependent
dv 5 o SYICES P, € -n-ndl differential equation,
- sm_rg;%» ¥ COS X = X SIn X 8. cos"x g ty=| g 1 a P«
- V tan IIl j' e T Z
9. (1+x)g,"V™°€ 3% tion f““' form J 1% Y &e Bodstenatin Glsapamald:ﬁam|
, eq"
(e 7€
wher :
> Very Sho Short Answer Questions {0, ) 32 7, )
4 oz r= S=o— I=a'2'
1. Define linear diffe .rential equation of first order and f‘m!dﬂm 4~ 9y X oxdy ?
_ oS- 2 A i
3 Write the conditions for the differential equation ‘—1-%+ Py | ‘ 1;111“"
Q to h ;_\f"m '
linear. ' g 458
{ 35 2= - >
3. Write the integrating factor of the linear differentjg] E
dy ©quat Atigy, v 4De egree of PD
. p.u—0 where P and Q are constants or functions of grﬂ“ <
g ke it r derof 8 pDE is defined as the order of the highest partial derivative
d .}_’ Thc n the P DF
4. Find the integrating factor of differential equation 7= + = g cult ng ! _ L ke
dx : et DE is defined as the order of the highest derivative in the
T!LL- i‘.'t a P
fhe 0°5
5. Find the integrating factor of differential equation 3=+ ytan x = OF. ' ;
dx S€c x. F e same as 1 the case of ordinary differential equations
fhese &~
Answers = S o cX ample, o
— oy + oy — - are
l. ] 4 2o y=¢ (X1 L) 3. Xl 3 C 4, ,{p:-s—-'.c Smﬂlf L‘&n-lples [}f{}l’der alld dﬁgl'ﬁﬁﬁ
, J -~ 7 . - - - :
5 Wl+x): —L ¢ 6. ysec’x=secx+c 7. ysinx=sinx-xcosx+te r]: E}:.__: First order and first degree
' | ! ! d a\r
3' . - J e Lar q. '],' = ;glill"l h o - ce lan 1 1 .
Nery Short Answer Questions 'y
1% & BECX 2
e First order and second degree

5.9 Partial Differential Equations

@ (‘a"' oy

C.

Many physical problems in science and engineering depend on two gr more.
variables. They usually depend on time  and one or more space variables, In
such situation, when they are formulated mathematically, the partial

differential equations may arise whereas the simplest physical problems can
be modeled by ordinary differential equations. In most problems related {0

heat transfer, quantum mechanics, electromagnetic theory, etc., wq._naed to

use PDE's to model and solve them.

We now give the definition of partial differential equation (PDE).

(246

Linear and Non-linear PREASS S — e B e
If the dependent vanable and mrpu__,nf‘é Ecalledhnﬂl' PDE. Otherwise s

degree and they are not mnlhph .

called non-linear.
quittAal |
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" 5.9.2 Partial Differential Equation of First Order

It = is a dependent variable depending on two independent Varigh)
then the equation of the form f (x, y. z, p, q) = 0 is cajje

Jz oz
differential equation of first order, when p = é:— ,q= a—}-

For example,
a ptrg=:z
b L 0
© 9x oy

5.10 Formation of Partial Differential Equatiop

i.  Eliminating the arbitrary constants
ii. Eliminating the arbitrary functions
Derivation of PDE by eliminating arbitrary constants,

Let us consider an equation f (x, y, z, a, b) =0

d Sx
the 0,

Daﬂi'li

The PDE can be formed by any one of the following methh

where, @ and b are arbitrary constants. Let z be g functiop
independent variables x and y. Now, differentiating (i) partia]] of .'
and y respectively, we get A ¢
of of 0z _ 0
or dz Ox
.1 of SOl
I.C. !:h P - —U '-(ii)
and
of , of 9z _ 0 |
o oz oy
s, A .
o oz i)

By eliminating two arbitrary constants a and b from (i), (ii) and (iii), e
obtain an equation of the form £ (x, y, z, p, q) = 0, which is the partil

differential equation of first order.

o o
o

tat) ,
It we have more than two constants then the above pl:gcedm

elimination will give a PDE. g
o=

Dl‘l‘lw%

. UnrT
Find the partial differential ! S 287
ﬂmP'E 1. = axt by + ab. “Quation  from the relation
ﬁi
iafl
W Ll
v o L:: By ab : (i)
g% ¢ tion (1) partiall
orentiating equd Y With res
1_]1“”“ PECL 10 x and v re vely, we
get
L'{:: d
ax
= - i
4 'Jﬂd
0Z _ b
ay
— ,I:]‘ ; tew (iii)
& {[{Hminaliﬂg a and b from (i), (ii) and (iii), we get
J-;p.l__i_qy-*-pq
:,,.-hich is the required PDE.
- ole 2. From the partial differential equation from the relation
(x—ay +(@-b+Z=¢
Sﬂjuffﬂfﬂ
Given,

(_r_a)z+(y_b)z+zz=c2 ...(i.)
Differentiating equation (i) partially with respect to x and y respectively, we

get
Ax—a) T Zz%i= 0and2(y-b)+22% —
0z 0z

5 (x-a)== zaand (y- b)=—za—y
Substituting these values in equation (1), we obtain

(""ax) *("’ay S

, [(32Y | (92Y }_
R {(Bx) + ay) +iag

2 (o + ¢ + 1) = ¢, which is the required PDE:

Example 3. Form a partial dlﬂ'erentlalequatlnn if z = ke™ sinay.
Solution
Given, G
zZ= ke‘“ sin ay 4_.“ ' ‘Y‘we
.y cartially with to x and y respective
Differentiating equation (i) partially Wit respect
get

.ﬂh




MATHEMATICS Il
nas .. G
3 kae™ sin av !
and

%Ih‘m ay .. (111)

'gmn‘ differentiating equation (it) partially with respect to x a5

d
““} partially with respect to y, we get, "‘luau
=

Gz _ ka ¢ sinay vee (1V)
z“h

and
.:-_r*'._' = SR
—=_ka" e s ay ...(V)
v
hidms_ equation (1V) and equation (v), we get
oz, 9% ar 2 ax _:
_-—""L_"J{I :"-.lfldfl' —A’{] {?TSIHL{F
ar- ay
P -}-‘:
'_:' - '[:—_-.' = []
ax- adyv
e r+s5=0whichis the required PDE.
2.  Derivation of PDE by eliminating arbitrary functions.

Suppose « and v are any two given functions of x, y and z. Let fpe
arbitrary function of # and v which 1s written as an

flu v)=0 e T)
We treat x and y as independent variables and z as a depen
Te 825 1 | dent
variables.
Then,
rfr dy
—— = 11
¥ anda ( (11)

Differentiating (i) partially with respect to x, we get

@/'./r}ulclr#au dy au 8,.) of [dv ax av ay dv dz\ |
ou\ox oxr ()_1*91 T3z ox Toviax ax ay ax oz ax)

of (du du dz\ Offov dv oz R

. o (&r dz 81’) dv (a,r az ax) =9 [Using (i)]
_a[(au A (, % "

o u\ox Paz) avlor paz) ¢ [5= ] :' JHQ‘:
o (du, w)_ [, B

% ou\ar Paz)” "avlax P az) r :

me M

ou
i
B . \S

In e fav t-')‘l)
O 4 ¢
al | v 1 0z

_ f:}.}- jl? a"r'
N +p Yz a» 99;
& 0z _S—==
C—3u o, i’l‘-
ov !’ﬁ; Ju

L'I[-

-« (1)
differentiating (1)
gme WaY partially with
, 5@l TeSpeCt o5, we ges
-« (1v)

inating the arbitrary function ffrom (iii) and (iv), we gbtai
n

Uwrs 269

ol ¢V o 5 a
, ou Vs O
%" ?)_I;+pq Jz 0z
ou Qj’._aﬁa}’_ +q ﬂ_'av._au av\ du
or. Fb;'az dz Oy dz ox ox 9z) ox
i€. P!?+Qq R (V)
where,
ou av__@g_av
P = oy @2 dz Oy |
ou dv Odu OV E
Q =3; ox) dnnE
Ju Oov Ou ov =

nd R =3¢y FT?;-EE (53
Equation (v) is the required PDE..

Example 4. Form 2 partial differ nhia!

function from the relation:2=J
Solution
Given,
z=f (Jt1 + yz)
Differentiating equation

get
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%-f'(.r’ +)7) - 2

= ﬂ12+_,3,-1r_'-§;'1 .. (ii)
and
- _,~“-.1.-}-.i§1='_ .. (iii)

From equation (ii) and equation (i11), we gel

19:_1 2
2x r';t S 2y al'

oz _ 9z
or, 4 ady ¥ or
g =P
‘;'J.F? li"f = ()
Example 5. Froma PDE by eliminating / from Ix + my + nz = f(5* 42 ;
+
Solution )

(iven,
o 2 2 .
Ix+my+nz=fx Tty vz ) Jeel(X)
Differentiating equation (i) partially with respect to x and y respectively

0z 1 2 2 , .2 r §£
f-f+[]-nal_-—_)"(dr +3 +Z) 2x +2z Elr)

= (P 4y +2) - (2x+ 22p)
e L i
SO i, .. (i)

-t ,-‘Irl 4 ."'_ 4+ :‘} = ?r 7 EIP

e

or. [+np

and

0z i dz
..._ ] i ’ — | = lr'l- +z-— i _|'+ 4
O+m-1+n-3 fi(x*+) ) (2} 2z ay)

. : 9 5
or. mim=f(xX+y +t2)- (2y + 22q)

.y '] - | "f ”I + n EE
— F o | e - _——i
f I-I t - } 2'1 "."' ‘"I;: q e (III)

From equation (ii) and equation (i11), we get

[+np m+ng
2r+2zp 2y+2zg

[+np m+ng

x+zp ytzg

or, (I+np)(y+zq)=(m+ng)(x+zp)

or, ly+lzq+npy+nzpg=mx+mzp+ngx +npqz

Or,

(ny - mz)p + Iz~ nx)g = mx — ly
which is the required PDE.

& “11‘..-

£,

o o o)+ S 2x) % e (i)
§ Aedersy auation (1 r ' .

’r H[:_:T_L_ iating equation (1) partia ly with respect 10 & and y respectively, we

';-{{‘ i+ 22 A -20) - (-2)

¥+ 2 2A0EE ... (i)

0

Y o+ 20 EEERE

Y _ iy + 20O .. i)

12
gxample 7. Find the partial differential equation of a plane cutting off equal
intercepts from the axis of xand y.
Solution :
The equation of plane is
X, LiZ2g .. (i) [ x and y intercepts are equal]
a a _
Differentiating (1) partially w.r.t.x and y respectively, we get

Difteraniagy 1

DE by eliminating the "'"hﬂrar, f UNITs 271

. P
o the -

, 1
+ 2X) T Ay ?.l’] ons from

. _ontiating equalinn.(ii) partially with respect to , .
piffere” i) - artially with respect {0y, we get x and differentiating

,quation
equ

_ 4 fi"y +2%) T AR =28

dz

b Aot 2= e (V)
and
Pz = f(y+23) A (V)
t;_ :uf“ Equaﬁ?ﬂ (iv) and equation (v), we get
7: L
- Y, ..

gx

r= A which is the required PDE.
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carential equations by eliminat;
. differenti 1l equa eliminating
_1|11~5' ¢ ““ar'f fUTI{'.‘I\mq

72 MATHEMATICS Il . P - 5
i ¥ :l'.i } - ”11[ ﬂ_:ld'[ll'!'ﬂ . —
From (ii) and (iii), we get o™ e fO1° . L
-'-é--lﬁ : r::.-" : {j'_ .‘_.- ) . &= ¢‘x2 a-y*j
. ey ; J'[H'] % z*f(;)
Example 8. Form the partial differential equation of the set of all W |
whose centre lie on the axis of z. Sp [ g o
Solunion Lty :
The equation of sphere whose centres line on z-axis is of the fo ¢ 4. h _
. - 5 m =5 )y + (I a}") h Z = x+ .
C+y+ -k =r =) pxt @Y S+ )+ £ (x~ iy)
where & is any constant and » be the radius of the sphere. 3
Differentiating (1) partially w.r.t. x and y, we get d. —pr+xzr=0
- 3 ; 0z _ 0 d. px+gy=0
242K 3 " ¢ 1=dr
K) L?: = _—X g
| ons of Linear PDEs of First Order

l'} .
' 1olutl
b ===

- . gection,

_ we discuss the solution of linear PDEs of first order.
) Ehpﬁﬂ‘-—‘ (o the syllabus, our study will be limited to study linear PDEs of

and 1tS solution.

i

N ution of @ PDE means the relation obtained by reducing the equation
e of derivatives. While making the relation free from the

The b relation fre
mt;‘;x:ﬂi" - terms, We USe several constants and arbitrary functions according
f{f e NAture of PDE. If initial or boundary f:onditi:fus are given then we
Erom (if) and (i), we get Jaluate the values of the constants and arbitrary functions. __
.dzed g pifferent tYPes of solutions of PDEs are given below: 1
xax . Yoy 3 A
or, yp=xq f(rys 2. Ps @) =0 ...(i)bea gi\fetf P?E-
=3P =0 1. -Cumplete integral: The solution of equ;ation () m ‘hﬁ ::;::i
— : F (x, s 2, @ b) = 0, whe:eaandbarca:btuary constants 1s
I~ Exercise 5.5 1 complete integral of (1) E
1.  Form the partial differential equations by el iminating arbitrary constans @ 2. General integral: The solution °f°q“aﬁ_°n (i) in the fom} A ::f E;Q > :
from the following relations. (@)) = 0, where @ and 6(a) are constants is called genzra: Tﬂlefammpl;w
i, m nc
) g e - ParticulsER -K'W;;‘_‘ :ﬁt:;t;:l;fezf;nﬁﬁun& the solution SO

integral F (6 7a&8 2L integral of (1). \
| and b in the complete integral
so obtained 1S called singular

+

?eehmlﬂﬂle a

e solution

Y
ﬁ'\-l NM
If

&
=5

=

o

{= ™)
E.é

.
= S iy 7' 5 o
c. z=(x+a)(y +0) d. '{}*g+
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wrennial equation of 1

A hneat p.'un:ll’ dific |
(]
Pp e ¢ K Y i;E

1'!
y (). R arc funchons ol x,
e F.

1] |
¢'s partial differential equation.

Jled Lagrang
by eliminating the

Cron DIrey 1OUS geClh10on,

... (1)

r.]‘,'_‘l-.' -["

R has been obtained.

the PDE Pp Qg

Thus (11) 1s the general integral of (I
| s { & . =

il
So. let X, Vs Z) =0 and v(X, V. z)=C2

where ¢; and ¢, are arbitrary constants.

By differentiation, W e get

du . Oug O g ...(iii)
(i1 ¥ 4‘“1_41:' f <

and
-+ jj] [‘_::']]-' .
K iy +—dy+35-dz=0 .(iv)
ox r?_LI' ' 0z
Solving equations (1i1) and (iv) for dx, dy and dz, we get

dx dy dz

rst order 1s of the form

Ju ov Odu OV ~ Ju ov an_ v Bulav_au dv
3. 3z oz dy 0z ox Ox 0z ox dy dy ox

' y dz
dr 0y £ ...(V)

Ju odv du ov
dy 0z Oz oy

du ov du dv
dz dxr dr 0z

du dv du dv
dr dy dy ox

The equation (v) is called Lagrange's auxiliary or subsidiary or
equations for Pp + Qg =R.

tence, if u(x, y, z) = ¢; and Wx, y, z) = ¢, are two solutions of

then /(u, v) = 0 is the general solution.

- R

dx
P

arbitrary function ffrom

ol

zandpP =509 gy° The “Quatiq,, .
. {lji

). Here « and v are functions of y 5
¥ and
2

b

» -
, the PDE PP+ Qq =R by Lagrange's 4 o T
o _¢he linear PDE of first order i the for
.- a1 ¥ f} rn Pp

4 | range's auxiliary equat; , "Qg=p

';,I '-II'.,[”L

e the equations given ip step 0
*-..L"*"

: < Name two solutions W
g \ HL,IlLll.h_‘I!'l?h l - as H(I.‘yY 2] - %‘n

he E

- an 1
ivi forms. Y one of
, equiV alent the Lot

.ll.p' 1[]1'1...'L V]
v=0poru=f(v)orv= :
£ (s y=00 % S (u) Where fig arb;

yeral methods of solving

5k

mr.'“mds'
S

(s _._.-,'.|-- f grﬂuping: We take any two [an

hod © o N
| Vet bl The two integrals obtained in this ve '5‘:_ that it is easily
' tes” Y 1orm th

Jution: € Complete

J
viethod of Lagrange's multipliers: We write
R 5 a [dx + mdy + ndz

§-5° R~ P+mQEnR =

/ m, n are Lagrange’s multipliers and they
I’r’frh--G . nR = 0. The two integrals obtained from

g+

f«em nethod (i) and another from method (ii) form

_ are so chosen that
this way or obtained one
the complete solution.
Gwmetfical Meaning

b (), D)= 0 be an integral surface generated by the PDE Pp + Qg =R_
Pp Qg * R(-1)=0

e direction cosines of the normal at any point on the surface f (x, y.2)=0
of of of

" prurpuninnal to I’ ay 38

NOW,
o of Of _ 0z N
dx'dy "9z Ox oy =Lspidink
Hence, the normal to the surface f(x, », 2) = 0 is perpendicular to a line
e &y &
Whose direction ratios are P, Q,R.Thmfm,Pp+Qq=Riﬂd P Q R

give the same set of surfaces. Thus these equations are &q S |
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> Hlustrative Elxﬂmplpn

Example 1. Solve:p+ g =x

Solutrrerer
Criven,
. . (1)
Comparing equaton (1) with Pp + Qg = R, we get
. O=] R 1

I'he Lagrange's auxihary equations are

Faking first two ratios, we get
dr dy

I I

Integrating, we get
X y + ¢

i I_['ll

\gain, taking first and third ratios, we get

dr_ g
! X 3
or., xdr=dz

Integrating, we get

— 2 7T C»
b

by .I,J.l'..-.

X

-

T'he general solution is ¢(c;, ¢;) = 0 or,

2

Le. Q(X —~ 3 ‘g"._z ={)

Example 2. SOIVC:.Ugf+_}z§;=xy

or.

Le.

Hier it T

¥y
., equation (1) with Pp s Qg=pn . “'m"‘mn \
> i < e s | AT .
' ;
| o5 auxiliary equations Are
P 1L
We ' i L1
.__, R
l_
{ E_i:._- .
-'LI_- v} . .“]1
: | - ot WO rat10s, wc get
g firs
,_1-_
1 -
‘ I.I”]— WwWE L{‘Ll
|| |I'|'|. l]l‘. |
i Iny In¢,
n
il 1 | Inc
...{'“i}
\ gain, (aking second and third ratios of (i), we get
XY

i 3

gL [Using (ii))]

v COIES
dv _ dz
\: LiL"I

Z. ) - Z=c, [Using (1))

)=z = & ..(1v)

P;rom (ii1) and (i1), the required general solution is ¢(c;, ¢;) =0

0 G, Xy — zz) = () where ¢ 1s an arbitrary function.




\

iI:.li'”“E"]""””l Pp 4 Qy *}'um,ﬂ_‘ ;
L 1 1I| s § -'q'-_- v h“--T 5
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7 Hlustrative Examples

o's AUX thary cduations are

Example 1. Solve:p + g = x.
Solmutron

{(s1ven, [“i
1 vasll)

_ -
Comparing equation (1) with Pp + Qg = R, we get y
o 1,0 I, R | | L_i-_F" ——
l'he Lagrange's auxihary equations are
o) o
}
! o we get —
[ 4 |-‘T-!1|]1"_.
2 dr _dy de " 4 Incy — 3
. ] | | 4 jn} e
[ 3 ' -
3 _ : “” “'H'. ! b
laking first two ratios, we get i k-
de dy ¢ (X = InC; >
iy o in\y/ e
Integrating, we get , Ci -..{ii}) -
e Rt ' tine second and third ratios of (i e
S e \gain; taking of (i), we gey -
X—y=2aq dv .‘:-i'-‘: . —
. : - - : —_—= ! S
Again, taking first and third ratios, we get z X e —
dr d: dy 92— [Using (iii)) AR
e - ey ——
I x (. { 1-1 "
or, xdr=d: dy _ __d_:_: —
7 of, vz CU E
Integrating, we get : 1 4z e
— - __.___,_———-"__
yay —
P of, “b ,
. et -
5=ztc [ntegrating, We g -
- .

I
SR
+

\

o, 5z
or, “ILF ; -—-'_’,/_.—

The general solution is ¢(c;, c;) = 0 2 pdd [Using (ii1)]

. { 1'2 o ) ‘:———"—"’_-’/-
Le. O x—y,5-z)= 0 s LA .(iv) i
7 A - A . . = -_-__——"_’_—f_
P 3 From (iii) and (ii), the required general solution is ¢(c;, ¢;) =0 |
Example 2. Solve:.tz—z+)2—€=xy X 5 . : : :________,_,_——
dx " dy ie. 0 (;, Xy — z") = () where ¢ is an arbitrary function. g _

Solution
Given,
o T 4
o oy =W

O, xZ2-p+yz-g= :
BRI g vy ..(0)

‘



. mm‘f'ﬂﬂ "

f}: Jf.jl.'"__r 1
eamnis 8.  Solve: (© ¥) e t=Xay -

Salutron

Grven,
_.-‘.-J_: g }l.;..- |
'.} '*f-'lt (4 I-“
: L1
fv—=zkp *+ (A Vg = - X (1)

Comparing equation (1} W ith Pp + Qg = R, we get
P=p-z.0=x—py,K=2—2
The Lagrange's auxiliary equations are

dr dy dz

A\gain, using the multipliers x, y, z in (ii), we get
vdr + zdy + ydz
V—2) t2x—y)+ Wz-x) E
xdy + zdy + ydz = 0
Integrating, we get

b | ¢

.(1v)

-

! hLL rL'q”fII ':! ; I " ; X >
L .J_IL‘I] r': Ii! HD]‘!II _} q [ - ¥ -n.r' - ;——
: I( ” I. ¢ -1 " .1 » ’ + ..-l—;rz = 0

P Q R '
Ir dy _d: 7 4
} ' - 3 ‘ TR 2 k (suppose) (1)
g - o,
v
Using the multipliers 1, 1, 1 in (11), we get
dr +dy +dz
- — = 4
z+tx—-y+z-2a
dr+dy+dz=0
Integrating, we get
T YT £—0Cj ..{f”)

dz

! U'J: tan z

L] I !-IT.
,f;.'f t ( (WO rat10s, We get
# , first

Sn
[ar dy

,.{1# - EJH }

1 » el

| cating: e
i~ cos ) d

'I._J:_.--f" dx = sin ¥y

cin A

gin :
n ¥ In sin y = In¢;

Insin )
:}E__l = L1
qny

Il
\.;1.“
L]I" = __,__--
an y fan =

Im;grutiﬂg. we gct
2V COS Z
*c0S) i : d
[ o f sinz

= In sin z + Ine;
~ In sin z = Ine;

|n 5![] _"r
In sin Yy

sin ¥
Y K |
H\sinz

sin 2

... (i)

.. taking second and third ratios of (i), we get

...(iv)

3 ¥ sinx siny
Example 4, Solve: tan r f'i: + tan v .gi: farss The required gencratSoluBom = \sin )’ sin z,
A - I_u i
Solution '
Given, grample 5. Solve: (x* — 32) - + (y?—zx)
9 }: )~ 1
lan x .(}r + fﬂﬂdt - 2": tan » : &ﬂm”"_'
( ' ay g ..(1) Given,
om .
e paring equation (i) with Py + Qq Rifse
"M% Q= an, R = g e (" -yz)
¢ Lagrange’s auxi
£€'s aux
dr & & iliary Cquations are e (,r —yz)p + 0;2_

={)

UNIT S
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‘ y "‘!‘ATH squations are . 4 6 m‘“& 231
v e Lagrange's auxiliory cateon ioise OOEE -
E?; : _ ' {immh—, m -
4l .| solution g Of the follgw: o SORR g
ener® Ng PDEg —
. i!hL' 2. - 2
i L 9 "] a‘p 4 q,j —
pe 4. - < L
rry 1 ”ll ' xzp Ly ’Vq - Z' S —
Iy s xd =Y 6. P-yg+ 2P
: (Z=2 el
b | -*—“) Qs 8. |
ela v > Eempeee
L~ ~Eig=j._
\i e
0z
] 2 — (x + 1.')3 -
—*) 0 10. p+g=siny
d{x —1 diyv-z) d(z—x) il X 2y
r—) V-2 s —X -+(111) : (-L 3
O ¢ (x —_— =y
l'aking first two ratios, we gel Z) 3 ‘ ']1 y

Very bhOl’t AIISWEI' Quegtlm

ne p: artial dtfier:.nnal equangn —

;uncral integral of PDE,

1|- I|--iI1IL"
o

~.fine particular integral of PDE.

——

Answer’ e .
Xr—y _ .I-""j-.’-—-—___..; )
Rt .(1V) | A
1 el y i !rll

Again, taking second and third ratios of (ii). we get
dy—-z) d(z-x)

Y=g ST

il
—

|
| —
e
e |~
JI\"l—/'l

|

o

Integrating, we get

£ o v -2)=0
In(v-z)=In(z-x) + Inec, § oC+y +2z,x9)=0

o, In(y-2)~In(z—x)=Inc, oz x +y L2V S

AF D g o , *::,f.r+my+nz)=0
or, |In (‘_';)=J'n ,
Z-x) . : *l(j‘l‘ —=)%o0
y—2
—

2-x < ..(iv)

The required general solution is ¢ (3 L X=Z2)
7" z I 1
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Methgy

[ inear I‘rogl‘l}mming Pmblem

il (LPp)

| ord [inear means the mulhcmnticnl '
e W r'-;’n'l-tll}n whie .

hip between the variable (e,

fi']‘“l.lh
r L]

I‘l“
path!

cision making environment, degigion Makers or |
) U8 . - : ; -
Iilv"““” ol resources 0 various business T Dusinessman involve .
L

nununl-'i"!l I“"“m“mwmm sales ete. or minimizing (controlling)

. . . J'i IL'llu » - i cﬁ
ime (¢ |.h'~ V “‘“"’“‘* ﬂ}toncs are available to solve such . ‘51-, l‘fﬂ.
pn'f‘“"” while working with lmited resources. [ i Optimization

i (he common tool used by decision make

qatical optimization t""“h“iquu.

For the first time, this method was developed by Russian
antorovich and later developed in 1947 by George B, Dantzig for the I
pupose of scheduling the complicated procurement activiies of g force of 2
the United States. Nowadays, this method has become one of the most
popular mathematical methods in solving wide range of problems related to
usiness, industry, agriculture ete,

Mathematician LV

62 Linear Inequa]ity.-,.ﬁin One Variable and its
Graphical Solutio_n .

We have already discussed about the linear inequality in one variable in first
semester (Unit 1). An expmion of thetypeax +b<corax + b<cor
@ +b>corax+b2¢, (a#0)is called a linear inequality where x is a
variable and a, b, ¢ are constants.
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| Sl v+ ]l <—1,x>~—1etc. are hinear IHL‘L]IJHIIHE_“_
For examples. v = 3. = . |
The sct of the values (‘!f'._l' which satisfy the given inequ ity g "a”ud
solution set of the inequality. the
Example 1. Solve the inequality 2x + | <7
Nolurron

Tas @ testing point, we get, B

o3 Determine the half plane given by the Inequality 2x — y<2,
gmp'= =

tion

The given inequality is 2x—y <2
The -orresponding boundary line is 2x — y =2

X 0 :

.

) 4 —2 L_ﬂ—

Take (0, 0) as a testing point, we get

1x0-0<2 (True)

Q“\“‘ QiGwmeeX

Note that x = 3 is the boundary line. The boundary line is not included In th;
case, the dotted line is used to represent the boundary line. 8

i. If the inequality contains < or > sign, dotted line i 18 u
the boundary line as it is not included in the salutmn "j

1. If the inequality contains < or > sign, dark (bold) 5 usec i
represent the boundary line as it is lnc]uded in theser' ion R s

x>-2 R ?I‘:’k

-3 -2 -«I_ O i i Ty

6.3 Linear Inequalities in Two variables an
Solution

(=¥
o
&
=

An expression of the form ax + hy
X and y; where a, b, ¢ are constants

cXpression is also called an inequ
~or<or>

< c s called an inequality in two variables
and a, b are not zero simultaneously. Such
ality in two variables if < is replaced by

r{_‘{/'/r

!;}I . 'I ]II""L’}
g determined by the given inequa
, hall ‘plane nequa “Ymnﬂlﬁontamr
n
fle i , draw the graph. -
'he solution set in {x > x <3} = (— oo, 3) L,u'-‘ ;L
The so f”“"u” sef can be gfl‘-v.rll' l"h ed 1n a ”Lilmhtr “”L as fﬂ”{}“ 'S, :
NE AR \\'\‘\\\
in two dimensions, it can be shown as follows ‘&\N
(0, 1)
b e ! 1
v N :
X N\, 0y 0.0 ' &
|
Y'I




}

¥

lon-negative j ¢
constraints.

Non
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286 MATHE
Hence, the half plane det

System of Inequalities

. 13T
A i
Wi "i LM r %

; - 1 I.rl -
» Svsiem O 1N I.|]LJ.JIIr|.|L ]

. L

4 - ) - ' . | B
6.4 Linear Programming

jecision making process in order to m
=AY & : .
e nction ”;1"}1,1';' [IIr‘]L‘ givéen consiraints. I_l”
i LI L £d -

H.,I-'_.“..if”h.rl”"h’jL‘J,‘r [TF‘IIIITI“T;TI\I{)I'.

(maximization and minimization) of a linear Dh_jECHVE functi

given linear inequalities or linear equations.

Some Terminologies Used in LPP

ermined by the given mequality jg on

- -~
ities. For example x > | and x

Tl;t.

Dﬂhrhrﬂlnl Equnlon. UNrr
alution: | he set of ull th“"iﬂ' [”“*-*-Ihit : ¥
| .

M;lutn,r“ tha

e 11”1.' I8 ai”l'ii Ih[' “."I'"iltl'l
It el L

c 7 ’I”I"'In

r"“".lh"ff 'l'h‘..__
, %A _ N E : Any feasible «
int (0. 0). But it does not contam the | mnh”}. line .\:“"Ha . ol colution | Solution Which OPirmi
of testing point (¢, lary line O g Uy (i lled on oplimal solution 23 the obiecs:.
graph we draw the doired bound litie g I 7 s JeCy e
- s the solutions of the mequalities b ne ! A of Linear Py
‘planes are the s — 1 Model ol i, Wrammin
e P__-__; the line does not pass through (0. ), then orjgyy, i the mn i ol bhleam a , Pr”hltm
[ore T R " ogrammin Problem an be i
point. , . ' B r pri .
_ ORI ; the boundary lines fire A : el \ sctive &
i, The half planes o ntul""!: he boundary line “IH (h l ) = ax) 7 hxy {H"I'_]L.'LIWL 'unt““"}
s and nol contning (ne . 5 are “"’d" ! |
planes | "Qp.-. p ! 1 of constraints
planes S Ty 1o the 88
| gl aiat v (S 0O S 0OF 2 Or :‘} f}l
 taken together £ : (< Or < or > or ) b,
. than two inequalities taken together orm the g | . 193X |
Zx+y=<1] and x TS ystt‘m ' (ive constraints
- Cle fi ¥ on-NEes
"y il
Oy 3 1i¢ 0.x:20
nental Theorem of Linear Programming
. e a
M Bpund: _ PP P i
I inear proerammine 1s a mathematical optimization !cchniquE s 'F thal if there 1s a imlulmn, it OCCurs on the boundary of the ib
Al pirvsidal - . : a. g ‘ } e : ' 31
aximize or minimjze the nb?ﬂ‘d in Rt <" 1ot inside the region, vasible
1 : i . '
Cdar programming ; Seaad it Al g '
gis g SPecifi 33: . tion of the Linear Programming Problems
Solu
1 e SO ) _.nhic method
hus, linear programming is a mathematical technique for the OPtim; | Graphic
[ hus, ¢ Zatjq b : hod
i n lex metho
on Sllbjec[ to 4 9. Simp
e li e ~ 1
b (. we discuss ab(_)ut the graphic method to solye the linear Programming
-~ oblem. The following steps are to be done i

I.  Decision variables: The quantities
determine are decision variables.

[n order to formulate the linear programmin
define a set of decision variables. Decisi

materials etc.

Objective functions: The linear function F =

maximized or minimized i

Constraints: The conditions that are to

vaniables are call
constraints. The limitations or res
aniables are constraints.

“Begativity constraints: T'he variables
greater t}

s called the objective function,

ed constraints. The given in

trictions imposed on the dec

'an or equal to zero are called non-negativity

that the decision Makers Wang

g problem, we first hay,
On variables may pe ey

ax + by + ¢ which IS 0 b

be satisfied by the decisigp
equalities are calleq

ISion

which are assumed to be

2 Formulate the LPP.

methtld

J. Identify the linear programming problem ie.

n : identify the decision
variables, objective function, constraints and othe

I restrictions.

Convert the linear inequalities into e

quations and draw graph that
includes all constrains and restrictions.

[dentify the feasible region.

Find the points (vertices)

of convex polygonal region of the feasible
region.

Find the value of objective function at each vertices obtained in (5) and
Interpret the results.
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MATHEMATICS Il 0 g
. 5. Y U".'I‘g
. E _ ! _ » (1) passes thrnu 233
> IHlustrative Examples WI° unda™ "”Lm (0. 0 i.e pmgh m""’ﬂmlts_;,}
T——— ; T — e oting PO LS At =0, y=
Example 1. Find the solution set of 4x + 3 > 2y — | \ ' Ling - I‘l hich is true. Y=0in 6x 4 Sy < 10
r 30 W '
Solution W anh of 6x + Sy € 10 ;
“1- ha‘i:. 1) 1 - |||'||,_' 5_"".' JP ’ 15 thE c‘mcd p an: 2
[en gic
dr+322x -l l in Mg
g a line parallel g the
oft 1{|i:|"- = 1 1“3_ p rﬂ}"axisﬂndthcr /
o™ e containing the line x = | “Blonof y 3 | 1S the
: 11 . - . s i
_ : 1
e -4 2 pl! i,y = 2 18 8 SHRISHERC PSRRI S 5
— y,  — ,41' = .
~ fi egion of y = 2 1s the upper half Plane incjyq;
5 rhe *+: e is the feasible reginn and th INg the line y=9

pere A gion are A (1,2), B (10/3.2) 5

(]

Ihe required solution set = {x: x 2 -2}

leg .
nd C (1, 2475, Of Vertices of the

: : Minimize 2 = x +
Example 2. Determine the solution setof 2x — | > 4x + 3, VIS é

subject to the constraints,
Ix+2y =12

x+3y=29

x=0,y=0.

Solunion
We have,
2y —1>4x + 3

= 22X=1+1>4+3+1
2r>4r+ 4

> 22r—4r>4x—4x+4

colutio”
- Givel

inequalities are

— _:; -; 1.1 } :;'2!2«+t+3y391x201y20.
) Bamlf? rhe corresponding equations of boundary lines are
; A =Ty .
— -'-_:-l ;—i <=2 3 :,1 =12 tEe (l)
- s - } = g 11
, | c+3) .-« (11)
sl . . _3 _.?, — T-\\ 5 sus
=> x<-2 1. /0 eI .=0,y=0 ... (ii1)

Solution set = {x: x<-2, x € R}

-ifmm (i)3x+2y= 12_

X 0 4 |
y 6 P
Taking testing point (0, 0) in 3x + 2y> 12, we get, 0+ 0> 12 (False)

So, the solution set of 3x + 2y > 12 is the closed plane region wit
containing the origin.

Example 3. Draw the graph of the following inequalities: 6x + 5y <30
AL 2B

find the verticeg

?

Of the

v 2 2. Find the feasible region and also
feasible region.

Solution

Grven inequalities are

or+5y<30,x21,y22 From (i1), x + 3y =9
_The corresponding equations of the given x 0=} 9
;nrquah'n'cs are y 3 0
r+ Sy =30 : : : : :
r=J ; _(,},J Taking testing point (0, 0) inx + 3y>9, we get, 0 + 0> 12 (False)
p="2 A So, the solution set of x + 3y > 9 is the plane region without containing the
FI'('JH: (1) 7 g
| From (iii), x = 0 (y — axis)

Oox + j;- = 30

When x = 0, y=6 y=0(x- aKlS)

Andx&O,yZOmeanSWEha?emmnsidﬁm R P e
only.
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E ey,
e contans origin o UNpy ”
H ol 2 . ' ‘
290 MATMEMATICS II p” n which 18 x-axis, %91 ﬁ‘z;‘ffﬁ/ f
ot ", the upper half plane ~NAining x.axis e
g give ; 4 is the line PEITH“C] o X-axig and [h B
(iii)) ; s roy b
/ g rl...HH”:J F_H-HT][ [(l_ r}j in ‘. = 4‘_ we g[‘.’{ g'h tkbt r‘"ht "ll i F—-F—F———.’ i
x .rfllL'l ! _______..—-‘"f
b 0 which 1s y-axis. .
o .:1.~L“‘ (he right half plane Cﬁmaining the y.g, i — s>
ey e s Tivhah : TAXls, q <
20 7 is the line paralle] 1o Y-axis ang the R
. ,il:-’] . H.“T“.-'. p{]int {U'r U') in b o S ?, WE g&[ 0 2 ﬁugh thﬂ m]nt !'-‘; r} e
| I_‘_li-lu_T te - g 1 "?{ln.IE] r V) -__--—-"-‘-.
a0 .
I'he feasible region is shown in the graph. The vertices of the ¢, =
= A Cac:
18: 15Y . ok siby
region are A(9.0), B (T . T) , &0, 0) i

/ "’c-rtjfes 1||' VHIUE ﬂf: =IN
I A(9, 0) ,I = m
/ /18 |

15 B - 2
B(7.7) / * S T

/ C(0. 6) f z=0+6=¢

Sl 18 15 QR
Minimum value of z =‘§“arB 727 /.

-
Example 5. Find the extreme values of the objective function F — 16x — 2+ 44 | ; .
subject to constraints x=7 E .
v Jlf “ The required solution is shaded in the figure. /
Osy= e y
0 51 <7 T:_ " e.rtICES Valuﬁ of F= l&_2y+40 T-//
Solution i{(g S)] ; =1166 K?O —2x0+40= 40 (,/
T . PR Y alit: : 10X T-2%x0+40=15?2 ;
I'he boundary equations of given ine ualities are
5 T cq g 'q 3 ; ._‘____,,,.
Ir+4y=24 cev (1) B(’!, A F=16><7-2><E+4U=150.5 L
y=0 ... (11) 9 3 il
¥ o ... (111) C‘(g, 4) F=16 x§-2><4+40=74.67 _'_'__,__
r={ vr (V) '
: D(0.4 F=16x0-2x4+40=32 '
Ty - (0,4) _ s E—
From (i) 3x + 4y = 24 Mf*ur.. value of F = 152 at (7, 0) *,
i 5 = - { Min. value of F = 32 at (0, 4) =
0 _|' 8 .t
A | 6 [ 0 | 4
laking testing point (0. 0 )in3x+4y<2 4, we get

7 X044 %0524 (trye)
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!n
wy L P f
Example A small industry manufactures necklaces and -
= combined number of necklace and bracelets that it E:’tﬂlth 7 e
day is not more than 24. Each bracelet takes hﬂur d ﬂhm e
make and each necklace takes a half hour The & of Iabrf : .
hours of labour available does not exceed |g. If the "lurnh’:r’  —
necklace is Rs. RO and the prﬂﬁl on the hr‘atf—']ﬂ‘l is pr{}ﬁl 3 i
many of each product should be produced dajj}f o =) ;‘ /
profit? "‘HJ:.,:. , :—_‘—_‘____'_,w'
Solution -
¢ » of necklac S =X P—
:n ;::1 :‘rf'htr;u*f:f:':ﬁ =y 1 figure OABC 1s the fcaSible Tegion wh the ¢o B
g : : : | Ol 5 % N
It P be the total profit to be maximized. then Ziven Lpp can b ol | i.r,li ¢ are (0, 0), (16, 0), (8, 16) and (0, 24) regpec“ve‘;“dlmms of 0. A B — .
Maximize P = 80x + 50y subject to the constraints "“lt-;}a3 .' 2 l'f:rtifﬂs Val“gmx_r - /—-
r+ <24 .- &3 (}{ﬂ,{]] P= 50y
l - y g L T s ‘6&[ ]ﬁ,ﬂ'] P = <
v +5 v <16 ie 2r+yp <32 | Eﬂxlﬁ+soxo~1zan y
9 ! B(8,16) P 3(1;;3.;50116__1 /
r=20. v20. (-{ﬂ 24) P= 440
- o ot lifics | * _ WP e AL g -
I'he corresponding equations of boundary lines are | . maximum value of P i1s Rs. 1440 at (8, 16) :_’__,_/——”‘
+y=24 oo (1) The ma. ; g 0, .
X 7Y imize the profit : uced
r=0 ... (iii) daily to max protitare 8 and 16 respectiyeyy, e
From (i), x + y = 24 B — e B
/ t [ 0 / 24 b i, Draw the graph of the following Inequalities,
| /"—’.
l'aking testing point (0, 0) in x + y < 24, we get 0 + 0 <24 (true) c. 3x+y<6 I +y>8 -
the solution set of x + y < 24 s the closed lane reg; 3 . . b
0, P & 5 £ou COntainp, 2. Draw the graph of the following system of linear inequalities .
origin. - 2
Again, from (ii), 2x + y = 32 a. Xx25y=>2 b. x-—y<2.x ty<4 :,_.-—’"

[.r / 0 f 16 '3, Graph the following system of inequalities and find the vertices if they ‘;/,,,

[ |32 [0 X .

: | exist.

o : . i .

Taking testing point (0, 0) in 2x+ y < 32, We Bet 2 X 0 K0 Sl 2. x+y<6,x20,p>0 b. 3x+4y<24,x>2 y>) il
So the solution set of 2x *+ ¥ =32 is the closed plane region Containjpg L’-/"__
origin. C. X+ty=6,x—y==0Re e .
£rom (iii).x = 0 which is y -axis ‘4. Solve the following linear programming problem using graphic method. ;

And x 2 0 gives the closed right half plane, - '
- g s . . Maximize Z = x + y subject to the constraints
From (iv) y = 0, which IS X-axis. ax A “"'",
’ ! . - : }'
Andy > () gives the closed upper half plane. 2x +y<l14;x+ 2y<10,x,y20

b. Maximize Z = 45x + 80y subject to

Xx+2<T,x-y<4,x20,y20
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| ¢ Minimize F = 7x 1

dr-<36,x29% 0= 4

hl' _"I.-”I"“:"'.t {11 '!": t'lHlN“.llHl_‘i

d Maximize and minimize I

|6y — 2y + 40 subject 1 o
<dand0=x=/ Ity

1_'--#4."' :J_ {}‘_' l

¢ Optimize F =x 2y subject Lo

w+y<7.x<y,x21

duces two J:rn.—,-j'm:[:-; :f\ and B ”"Elt are

1d on a weekly basis. Product A requires 2 men ang Bpruduce
only one man as a labour. The company employees 2. to re q
workers. The weekly production cannot exceed 25 for Producy la] of o
for product B because of limited available facilities, Profst 2 ang 3

is Rs. 60 and on B is Rs. 40. Fnrmulat_c it as a linear i T2in “ﬂ&

problem and solve for maximum profit using graphic Methog. m"‘ing

AN electric u‘nmp.!”_\' pri

and s«

6. Two spare parts X and Y are (o be produced in a batch. Each

The ti : 0
go through two processes P and Q. The time required jn hﬂursne hastg
and total time available are given below: Per U

—_— e I g
Process P | 3 / 4 24\
= | .
PH WESS LJ / 9 ] "; 36
Profit per unil of X and Y are Rs. 5 and Rs. 6 respecti‘\a'e] \

% Fmd hﬂw ,

many number of spare parts of X and Y are to be produced jp thi
IS ba
ch

to maximize the profit.

77 Very Short Answer Questions

I.  What does the inequality x > 0 represent? o
2. What does the inequality y > 0 represent?
3.

Write the inequality representing the following graph?
v

Urrr s,

29
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Lract the surplus variable X >0 g UMY 8
, SUL . m he
b Max. Z 0S5 at (5, 1) Ality, We have 2x; + 3, £ > lefy 4 o .
; sax. F= 152 at (7, 0); Min, F ¥ inequ® : 1= Xy =] Nd side of the et .
} . 12 Ve .
e O ‘il Ain. | at (1. 1) () ot ﬂf the Slmp‘ex Methﬂd / -
J. . K "q'j Cﬂtﬁ H'.___J--'

. requirements for

5S¢ '
L ¢ il o lw;]'llfx!”-’l w l"nmg p"ii':h-_-m e -
' .r1'11]l “All .onstraints must be ” ' o
I. ﬁ I All ; Mtedﬂ L-:':///J

- . . The rigl’.ﬂ side ufnf;mimm“ =%
ii. All the involve variables must he _N_ ve. s

Jox vethod: Maximization

_gim : :

3 | . prﬂz.zra‘-l‘ﬁ”““g problem in general form i we h -
4 e =Xy T CXa T L e, St Maximize the

y 1P°°  function 2
Jq1V e

- s the l:ul'lﬁtl'il‘.'ll"l.ts

6.5 Simplex Method . 1x - #nE
N ———— gt : ¢ 1 W
TTYAT T ‘I " ' J 0 f \ ,--1.-"
‘ mming problems W ith two variables, the gl v qioXa oo T Ginkn S b

Enr fho Inear :".r\_"'_ri'_ui
i LEa bl e - i . = g Th . . - gla 5 ' 1-..
method is convenient [he problems involving more than two v&riablphlcal 4 R (7 )
he solved by using three dimensional graphics. But this is not sg casy s Cap  xy + 2252 e 2Xn < by
e sOIveu U SLiLls &4 ‘ | . : !
most of us are not skilled with three dimensional graphics. In such Sibecm A,
non-graphical procedure simplex method can pe ﬁtlun! |y amaXa + oot X < b
s 17 (L0 Gl

the most popular

simplex method 1S

S0 A useq
developed by George Dantzig in 1947 The siml;]l‘he . >0 2...n
X hete 21 =

—othod is an algorithm for solving the system of equationg Whe _ 1 e

objective function is 10 be optimized. It is an iterative process. [t dealsre | ol biZ 0, =%

the systematic way of examining the vertices of the feasible rao: “’l.th Adding the slack variables, the corresponding equations are
determining the optimal value of the objective faucHen Bt 8 . anx) T a12x2 + o tayxytsi=hy |

Slack and Surplus Variables anx T 2% T e +ayx,t5=b

. Slack variable: A slack variable is a non-negative variable which
adding on the left side of an inequality of the type Ax <} changes it ; On
. - - l -
an equation of the form Ax + r = b where r = 0. Here, r is the s]nt;::
dck

amiXxy + amyXa + St amnxn-}- Sm=bm

wh@]'ﬁjﬁ?_o,f: 132 o

A basic solution of a linear programming problem in standard form is a
IUtion (X1s X2s - s Xnb S1 52 -5 S) i Which at most m variables are non zeco.
The variables that are non zero are called basic variables. The variable that 3
are zero are called mon-basic variables. A basic solution for which all :
Jariables are non-negative is called a basic feasible solution.

variable.
For example: x, + 2v; < 3 is an inequality.
If we add the slack variable x3 = 0 on the left hand side of aboye!

inequality, we have, x; + 2x, + x3 = 3.

2. Surplus variable: A surplus variable is a non-negative variable which
on the subtraction on the left hand side of the inequality of the type
Ax 2> b changes it into an equation of the form Ax —s = b, where s >0

The Simplex Tableau 49 ey —
The augmented matrix correspondlﬂgtﬂﬂlemmtm together
with the coefficients of the objective function lsthesmhl “bm F;I
example, the simplex tableau for the maxin linear programming

problem.

Here s is the surplus variable.

For example: EJI'] i 3,1'3 - 7.
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UMNIT g 290
jve the problem
. . o . S0 .
&= 10x + 15y (objective function) e 1, g
subject to 5‘5 ;L”I?JL'L't 1o,
¥+2y <20 r+ 2y <20
r+y=<16 j (constraints) r+v<16
P =y x=0,y=0
Adding the slack variables , > 0, 5 > 0, we can write the Ziven L
' Pp .
standard form . , ; - :
tandard fc In .;.-'”'IH - Let / and s .hL the non negative slack Variabje |
x+2y+r=20 p hl‘:l]h]&""‘ we can write the given [ pp in the followin f'i. Adding the siack
. i 20 5 form
rt+y+s=16 e
: : Al 16
IOx— 15y +2z=0 y+S=
L ® ]{'l IE:\!.L
Initial simplex tableau

-2y +r+0s+0:z=20

Basic variables A ) 4 r 5 z RHS (b ! .- Or+s+0z=16
— = | :_1 | )] _t‘; *ﬂj 1 s | .;‘1, + 0O-r+ {]-,‘.- T Z= G
| oy T
g I | 0 l 0 l6 o I1: Initial simplex tableay
o=l Sle -
10 _15 0 0 [ gasic variables 5 y Pile b z | RHS ()
=i ‘ : ; ———— ___—__'_'—'-'--—_.______ {
For this initial simple tableau, the basic variables are r and s; and N0n-hy.. r i | 0 0 20
variables which have a value zero are v and y. ic s | 1 0 1 0 e
I'he initial basic feasible solution is —LOEES 0 0 ] 0
| T
y=0,y=0,r=20,5=16,z=0 ol [
_ _ in this initial simplex tableau. the last row is from objective function.
Optimality check: In order to check optimality of the solution, we have ¢, From this tableau, the basic feasible solution is x = () y=0,r=20.5=16
. ¥ ' y ¥ ¥ = * -
look at the entries in the bottom row of the simplex tableau, [f any one o ind z = 0. Since the last row contains negative entries, it is not the optimal
these entries are negative, then the solution is not optimal. For €Xamp]e the «olution.
j .

solution in above example is not optimal as the ]ast row has ne
In this case, we improve the current solution.

Step I11: In last (bottom) row,
column is the pivot column.

20) : :
Since 5= 10, 71~ 16and 10 < 16, 50 2 is the pivot element. We have to

e

gative eNtries =15 is the most negative entry. So, second

lhe improved solution can be obtained with the he

Ip of pivoting,

iteration of Simplex Method

make pivot element 1 by scaling.

|
Applying Ry — SR,

[.. The entering variable corresponds
row of the simplex tableau.

to the most negative entry in the Jast

1
- Basic variables X ¥ r § z RHS (b)
2. The departing variable corresponds to the smallest non-negative ratig 9 1 : 0 0 10
in the column determined by the entering variable, ¥ 2 l 2
S | , _ 16
5. The entry in the entering variable's column and the departing variable's 5 : : ! l : 0
row is called pivot entry (element), =10, S150 00081 ) By

4.  Use eleme

: ivot
Step IV: Next we make the element in R; and Rlﬁ':; second cofumn (pi
column) zero by the help of elementary row opera

Applying R, — R, — R and Ry = Ry + I5R,

ntary row operations so that the pivot entry is 1 and all other
cntries in that column are Zero.

g
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D
Herential Egyuqn
~ho0Se either entry, The

_ Basic variables /J' - : | ®agg
. — | - () 0 \
) | 2 ! 10
| — 2
= = 4 ] 0 l “ 0 4l ]2
[ 5 0 5 0 W
|52 2 150

: 5
Step VI: Applying R, = R, -5 R, and R; = R; + 5 R,

Basic variables I X ¥y r s z RHS
y | 0 r P 0 -—~—-;J£)_\__
\ } I 0 ~1 2 0 2
"B f 0 0 5 ) 1 ‘i‘é‘d--—-..___

The optimal solution is obtained because all the entries in the Jas oW e
non-negative.
The optimal solution 1s
Max.z=180atx=12and y = 4.

Summary of the Simplex Method (Maximization)

I. Convert the constraints to equations by adding slack variables.

—

Create the initial simplex tableau,
Locate the most negative entry in the last row. The column for this entry

is called the entering column. /f ties occur, we can use any one column
Jor pivot column.

The departing row corresponds to the smallest non-negative ratio ;blu
y

If all entries in the entering column are 0 or negative, then there is 0
maximum value.

for™

. 1.
{ rllhl'l'l - i : :
oot minimizing the objective function must have the constraints in the

e s > We solve minimization problem by converting it
ation problem and use the method stated earlier.

U[

¥y minimization problem in standard form is

Basic variables J L — ;. ‘ — RH\ For nes roWw 1S5 pivot.
| L] nl [ ¥ ng
. - | 2 0 ” \ .'*1*”“ . 5 T
4 - F o I | ementary mwr??;jlr alions to make pivot | and 41 other ent
) i ' L - - ]ll"i i i m rltq .
, @ 0 5 | 0 tering column Process is called Pivoting, g
RS — 6 the © .ntries in the last ro
R : : 1s 0 i 1 the entric iz W are non-negatiye then the optimal
= 5 Lingl 150 [l gion 18 obtained. 1 not, repeat step 3 to 5 until the entries in th 1'
_|' P 4 ¢ all non-negative, ' e
: oW °
Since the last row contains negauve eniry, so this IS not thu “D . mptex Methﬂd (Mlnlﬂ'llzatlﬂn)
solution h'h;ﬂ ' ESI :
: i 10 fr oramming problems, there g
Step V: The first column is the pivot column. Since T =20 6 . progratraas. g ot B e ?urPE problems of maximization
| 2 i ag " 4 her ar¢ of mnIMIZAUON. EVery maximization problem is associated
f 2 ynd ~ sinimization problem and vice versa. In this case, one problem is
12 < 20, so 5 in the second row is pivot element. "“[h i the dual prnhlt‘:m of other. The Oﬁginal linear programming problem
2 jllec imal problem and '
1 4 prima and the d :
Applying R; — 2R; < called 8 P P enived problem is called a dual

into

- =X + X2 T ..+ eqx, (Objective function)

subject to the constraints
apxy +axa T ... + aypX, 2 by

a»1X) T a2X2 + ...t ay,Zb

amXy T amXat ...t Gy 2 D

Bwhere x;>0,i=1,2...n

b>0,i=1,2...m

tep I: Write the augmented matrix

;“_ﬂ]z AR ¢ 95

az apn ... 9
A= A :

Am1 Am2

&

L
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Step 11: Find the transpose of the matrix A.

I . |

.

&y iz o )

(n'j s dn T2

Step I1I: Form the dual maximization problem as follows

Maximize: w=byy; + b + ... + by,

subject to

ap vy +ayy: 1 Fam Ve, < Cj

1-,-1-_ T - 4 fi’-”-li_':tl‘;” i‘ ‘I:

AiaV1 T2V T coe T Vi S Cn

>0.i=1,2... m

VIICIC )

Step IV: Apply the simplex method to the dual maximization prob}

€m, The

maximum value of w will be the minimum value = The'a;
- VaHEs

v, will occur in last row of the final simplex tableay

L. A

Example 2. Find the dual of the following linear programming problem:
Min. z

-

r+y=>4

3x + 7y subject to and

x+y=26

v =)

1-I

Solution
-2 116\ :
" : :ﬂ ; _I"'L‘UIIHH'HIHIH
Here. A ! "
e ! '
3 7] 0/t objective

23113
r

and

|
1

6 4 0/

I'he corresponding dual of given linear programming problem is
max. w = 6r+ 4s

subject to

2r+s5<3

r+s<7

7, 820,

ot 2 ynknowns and 2 equations.
1] 1rL =

4 1
fingd

=9 y A3

1, = 0 (non-basic solution)

X3 - ) e 3

=7, X3 % (basic solutions)

Ditferential Equations

umiTs 303
(rative Examples ey
us Sl . ’
| ind a1l the basic solutions to the following system of equations
e Which of the solutions are basic feasible solutions? |
- , _
v, T 22 225 da 3
X
i .:ﬁﬂ.r t T:l- 3 l:l"

X1 -

Hence there are two basic variables

e -L ”“ﬂ-hﬁ'}i‘: x-';lriﬂhlﬂ. There are 3 cases.
1|1]1|1'-
|||l
['.|.HL' I L
v = (). W€ have
vhen 43
L] ; ; 1
: 5X3 12
11
4 3 .
2y, => (basic solutions)

( (non-basic solution)

TRE 3
12

Golving, we get,
0

- % (basic solutions)

Case 111:
When x; = 0, we have

ﬁ’l':r T X8 12
Solving, we get,
9

x; = 0 (non-basic solution) ' _
Since the values in case | and case [l are non-negative, so they give the

basic feasible solution.
The solutions are:

X = % Xy = %(basic solutions), x; = 0 (non-basic solution)
X= % X = 'i‘ (basic solutions), ¥1 = 0 (non-basic solution)
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subject to:
n+2n<6
4y; + 3, <6
X, X >0
Solution
Let x

b¢ wrnitten as

Wyt +0

Example 2. Using simplex method. maximize 7

and x; be the non-negative slack vanables.

Z =6

y L=

Simplex tableau

= 7x; + Svs

.]"hf..'n thl:' givﬁn LPP
Can

Here,
O O
I
l
Applying R; — 7 R;

Basic variables { X

Since T=6, 7= |.5 and 1.5 < 6, so 4 1s the pivot element.

}‘_: L 1 JZ'_; Z
| 2 l 0 0 ————-_..i_Rg_S____W
3 0 | 0 ¢
7 5 0 0 I _‘“"‘-[r-m.
7

7 1s the most negative entry. So first column is the pivot colum
.

E | A2 A3 Xy Z RHS
X ’ I 2 | 0 0 6__-'
3 1 3
Jf = - 0 0 | o
Applying R; = R, — R, and R; = R; + 7R,
Basic variables JII X X3 X3 Xy Z RHS
= [
| 5 | 9
( - - =
X /J , y 0 7 0 5
3 1 3
X ‘If | y 0 3 0 5
| 7 |
0 - - =

Since all the entries
1S obtained.

21
MH.I'Z:',':,'"a[ll —

‘J'L-J

Hnd Aa = 0.

L}

in the last row are non-negative, so the optimal solution

Differential Equationg
UNIT ¢ 305

plex method, Maximize F = §y 3
Sl ¥,
4 | 21 1 10
,,-L. .3 . 6
11 > A
| 2 ().
it ﬂﬂl:.-ilfl..'
q Nt
| : A4 r. L 1', - 4
50 pe the nnn-negat_ive slack var.iables. Adding the slack variables.
i ] :I";‘;LL ‘l . the given LPP in the fﬂ“ﬂWlng form
. WI L &
e LIL-., - r= h
y=F 1
SR SR ()5 + {-]‘P :6
; rl Or+ST 0F=4
.. I w+ 0rT 0s+F=0
Al Simplex tableau
qgsic variables | & Y. r s F RHS
— 3 2 1 0 0 6
§ 1 =3 0 1 0 4
——— o -5 3 0 0 1 0
| & |
Here, = is the negative entry in the last row. So, first column is the pivot
3 iAo 8 < 4._so 3 is the pivot element.
column. Since 3 = 2,7 =4and2<4, p
| 1o
Applying R; = 3 r S : 5
ast iables X X
_ Basic variable - i “ : !
1 7 3
X 33 : l : )
- 1 B 0 0 .
=5 3 =
N e S
Applying R, — R, —R; and Ry y - s F \ RHS
Basic variables __{__,’-i-"’ N N g >
X lige A& :
A
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1 e ot the opumal sojy ; Aiatioy,
Since all the entries in the last row are non-negative ’ e 18 not JLON a¢ the last o Y o Uy7
- ; '€, SO the g 1 . TOW con :
Max. value of F = 10 at x = 2. pv=0 e '-.ullltmn 'me 1’ “Maine ey
' it i ! _ L.
: ’ ] .ot column 18 the pivot « = 1) "Ntr —
Example 4. Using Simplex method, Max » < S5x; + Tx i, fArSH PIVOL colump, Since, =- 3 v .
s il 5 i ' 2 . ,“:.._L" ¥ r} [J 4 -_I‘_ -
subject to - A P S
‘I. - L™ E » ’/‘-"“
. I . - - |
Zx; +3x; < 13 5 .. the pivot element. &
'.111 4. lt':‘ - i: ..1|" -; | 1 ‘-_‘_,""'i—'
X y A2 :-{ | s iy 1 ;:R_"I =
_ s X2 =0 -‘_11‘4‘.""”” R, — it /
Solution | .8 ' i
: : - acic VANADIES X X5 =
Let x; and x; be the non-negative slack variables. Then the o ‘*ﬁ‘flt-r—" | > . X3 Xy 5 = —
be written as Blven | py, : : A = 11\‘: 8 /
- -4 - ™~ e —
2x; +3x; +x3=13 n 3 - 0 L% -
3, + 2%, + x4 =12 1 ;

Sx;+7x, =z

g /
e — S 0 | -
= 25 +3x+tx;+0x,+0z=13 18 7 m / =
3
1

3x;+ 25+ 0x3 + x4+ 0:2= 12
—5x;, =Tx, + 0-x3 + 0xy +2z=0

no Ry = R;—5RsandR LA
Simplex tableau . ApplyIiE R 3R TR, / e

Basic variables |  x; X3 X3 Xy > Basic variables \ re] X x - S ata i / J %
v 2 | 0 Ol — : e L -
e 3 2 0 ] B | 1: X2 3 ~5 0 3 / P
% i 0 0 | '-?\_ - \ : 2 3 : ; / ;
1 3 5 = 1
Here. —7 is the most negative en;ry in the last row. So, second columnp S the TR 0 0 -1.51 1 l \ 3 /
pivot column. Since 2 43, 'Iq_- =6 and 4-3 < 6, so 3 is the pivot ele :

3 2 ment, Since all the entries in the last row are non-negative, so the optimal solution
is obtained.

Applying R, ‘_3'31R| Max.z=3latx; =2,x,=3. /

Basic variables = 22 : = - Mis gxample 5. Using the Simplex method, minimize W =3x + 2y /

| 3 0 l_,::" Subject to /

X4 2 0 | 1_2_-‘ 2x+y=24 /
[ -5 = 0 0 0

x+2y24 :
Applying R, — R, — 2R, and R; = R; + 7R, | x,y20. /
™ L= - I .

—

X2

r=

W WK | =

- o O

2 1\3
T =| V.
3 4 410

. : : X RHS * S r'
Basic variables X X3 X3 X4 2 W Solution . - d the objective /
ot 5 1 9 0 13 A = Augmented matrix formed from the constrainis an )
X5 5 1 3 3 ful’lCtiOﬂ /
10 1|4
5 : o Ml : \ |
e 0 -3 1 3 _ 1 2l /
] - 9] 3 210 £
iy 3
T
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Now, the camresponding dual problem of the given LPP is
Max. Z = 4y, + 4y,

subject to 2y, + 3, < 3
w+r2n<2

W 20

Introducing the slack vanables x,, x, 2

(0, the problem c¢;

an be feStateg

follows
2+ 4+ + 0, +0z=3
I+ 2+ 0, +x;+0z2=2
4y -4+ 0x;, +0x; +2z=0
Initial Tableau
Ba 1SIC VAT Ihh.\ f V Vs X X5 -
— = ——2 | Ris
: f i i 0 0 =
: [ 2 0 ! 0 3
f 4 4 0 0 ‘h'l"‘*'--i_\
I e
3 2
Since 5" = 1.5, T =2and 1-5 <2, So 2 1s the pivot element.
A I
Applying R, — 5 R,
Basic variables J Vi Va X) X2 >
- - £ RHS
r 1 )
” fig - o iis 0 ol
5 2
| —4 4 0 0 | S0
“.ppl'_‘rl'ﬂg R: Sy R: = R; and Rj — Rj + 4R|
Basic variables } Vi V2 X X2 z RHS
] | =
v -3 o 3
¥ .I 2 2 0 0 i"
! I
e 0 = =
- B =
0 -2 2 0 ] 6
/ i
L g |
2 2 ]
Since =3, 7=7 <3,5 ispi
3] 3.;-1: 3 and3 3,2 IS pivot.
2 )

Applying R, — f R;

'\] [

DIt
ferantiay Fqu,-ﬂ”*r“ -
MIT 8 0
() | .]'.
1 -II 1
" () g e 8
. ) } .
'! [ |
li :" I{{ s H == Ri y ER.
LY 1 _._EI — —-———-—-—Iill.I —[i l::l - u'ﬂi
| | ) K ——
] ” 'i’ _ ( | L
|| : 3 S
1 2 |
| ( e 4 |
| ] : 3 3 0 | 1LT
—=t= ; —
lo. 48 0 : 4 wm ED
. {he ”p'lllﬂul solution as all the entries in last row are non-negative
7 - 4 1 Z
L) ¥ | e Bt
— at Y= and y, = 3
70 I
Z-atx; =3:% =3

3

Maximize z = 10x; +3x; + 4x;

ExamP‘L 6 subject 10
gx, + 2x; + 3x3 <400
4x, + 3x, <200
x; < 40
Xy, X2, X320
'{ﬂ“m:m-— .5, and s; be the non-negative slack variables. Adding the slack
i Ll:-ml;l..s we can write the LPP in the following form:

F2x; + 33X TSI E
F 3x, + 5= 200

= 400

+ 5= 40

1UX

Ry

-lr'i'i

+5
0:xy 0-x, + x5+ 0y H 08278

10x, — 3% —

-+ 3:‘:: =1 4.‘:] =
+ 2, + 30+ 8y 08y B 0SS

+ 3x, + 0- X1 " O'Sl T 52 T 0‘53

+0:z=400
+0:z=200
+0z=40

4 +051+033+0'ﬂ
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Initinl simplex tableau
r. W i N I

& I ¥ F ¥ ¥ Iy . I
1 L neganve entr
.

iy In lllr“' |I.I'-I gajte I"‘I.”']i'L‘ 4.‘”-‘

.

o = >
PIvVol ¢l T¢I ,‘l\ 'ii”‘ :__:;ji!
9
.rn._l
5
'L y \ . ;
! ~ ; :
: { S 0
/ {) i I
() () I n n
", ; 0 _“. —
- II‘: ‘r!"\ -’.rh.ni I"‘-‘ b F.: ’f’ [‘2
L% I | | 3 . "‘
— e = r 53
s " 3 1
. 8
! { | L
— 1 — ]
i_j' I 0 ”.
L 1 ST N
d 4 _T ()

lal solution as the Jast row ¢ '
! contains the n i
: CLatiye

L HOSTE N

icgative entry

Enh‘iﬂﬁ
Cﬂlumn is U‘jf

In the last row, So »™d

¥ ] |
v alld () -

. Y g PO-EE
<00. So 2 is the pivot.

I']'rifﬂr!m'um F UM i s

‘ r
TS 311

I IL | " LY > X AT V y - P“'\ . / o
| () E\_}_‘\l\—‘“— I I— /
16 165 o5 0 g 50 ) e
| f : _}- __1_ _i_ | / 3
3 0 0 i) -

¢

: e
53 | ___-‘___"i——-—-——____l 0 h 40 %
0 ) SR | k-
: =

! 23
:I- 0 P | SE40)

//l
:|:=';l column is the pivot column. iry. Her ;

50 800 0O !Lf"”/ o
Since, g — g+ 3 (notcalculated as divisor is negative)

. _r-.-r.-.-_ﬂ_ 3
; is not the optimal selution as the fast

a—

80
_*l; 40. and 4{}*-'-"'9—0*.

So, | 1s the pivot element,

\pplying Ry 5 R, ‘ERI,R;--)RI-I-%R; and R; - R, + TR,

Basic variables | ‘%" »  x S| 52 2 o Al
z ) -; l k. L) __:

Xy 1 0 0 16 8 1¢

| | 2 |
XA 0 l 0 -:l- E
X3 0 0 | 0 - L B
- . k} Ly : 1 S5
2k Tu 0 0 l; S S &

Since the last rowt hassnon-negative entries, so the optimal solution is
1 ' ..-.. )
obtained. '

" ! 5_5 3 1 ;8
Maxa v&lu=0f2=525 atx 3. 2 y 2 30 and » .
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Initianl simplex tablean

Pavic » Mllh’ﬁ_-; ' T .
- 4 ) 0 i) | I irl,-“
i ¥
¥ i) N i " } |
- — ¥ j | ! f i g :"‘rh_
Jf 10 3 ¥ n n A I_ !| 1 J
I‘r r J I -.__'.fr
. || f
Hiens SIS the most negative entry in the last row, Sinee 300 'I
a I'I"-H-‘ _rl.r l‘_"'H
et § be the pivol clement J a.&h_j
. ‘
Applying R, — 5 R
Basic variables ! i . ;
J| e -
! kS
: ' i N ” ()
: : U I 0
' v 0 0 ]
() i i L e .
U 0
Applying R: — R: — 4R, and R R 10 R,
Basic vaniables | ! 1 § £
‘- ' L
¢ 3 I
4 < x 0
F = | _: i
L= 2 . | |
I { ) r.j ”
] / 5 S — "
) 4 4 ()

il solution as the last row ¢
1 contains th
S [he neg

atyy

£ En ".i{‘S

el Qo

i€galive entry in the last row. So 2™

() 8 _|_II [}

<00. 50 2 is the pivot.

fJ-‘.‘"?rnrlT.Iql 3 liar e x
. mrTs 31
L] _. I. =
—
| . ] {F | F.-r‘-
- T — & W

! i y 3 /-—

L R, and R l |
’ - and Ry — 2
| | | H ! R.; //
"-.

£ |
‘ + 4 2 0 0 . -
0 0 -‘?— "j —— i"-//i

\

, 1s not the optimal solution as the |
wird column is the pivot ¢olumn
SO 800 0

9SSy (not calculated as divisor is negative)

16 4

22 ~ 40, and 40 {_k_i_g_u__

So. 1 1s the pivot element

4SErOw contains negative entry. He

o %
et RS LJ

oy

. 9
\pplying R} — Ry 16 R R 9 R, +%R3 andR, —> R, + TR

Basic vanables | x; X % $, S S (b)
| 3 J % 55
X = 1 2 :
1 1 0 0 6 =
X 0 1 0 L =
3 3 5
X3 0 0 1 0 Al
— . —_ -
L) - = =
0 0 0 S - = 328

optimal solution 5

Since the last row has non-negative entrics. s
obtained.

May, value of z=525 atx, =



-'m "

[ A

subject to

. Max. P = x 4 3y

subject to

x>0, y>0
Max. F =x; + 7x,
subject to
—2n>—-8
 +2r <4

1. X2 >0

Max. F= |0x + 3y + 4z
subject to

a&r + 2y + 32 <400

Using simplex method, find the
programming problems,

a. Min.Z = [0y + 15y
subject to
r+y>8
Sx+3y>30
X20,p>0

Using simplex method, find
programming problems

a I‘fﬂ‘ ! - ?l] T _qj'_\-

optimal solutions of the folloy

Min. F = 3y, + y,
subject to
4x; +3x,> 12
X|tx2>5

-’-"1;1'2?:0

—

1y " -I"[;" d M.n C-4x+1y / _'_,.,
(
1.|i - E
R ot 1o 5“bj¢cl[o g
' (01" I
- <-3 xry=2}
the optimal solutions of the ﬁmn\' (] s (0 31+y3:27
L‘ar 111 L E k"
' X, y>(0
- 0 Y=
b. Max. Z = 9y 4 W Iy

subject to

Sh ort Answer Questions

2x+py<8 .'[‘l'}’
v rpi”“' variable.

dxr+ 3y <18

¢ Iv -
'I‘.'l

e / e slack variable.
)¢ f1n¢
d.  Max. P=50x, + 80, | Lo i meant by dual problem?
- ha
subjectto J: : .o basiC variable.
X+ 2x; <32 pelt

3x; + 4y, < 84

Xy X2 E 0

480atx, 20,5, = 6

£ N ax: Z=2%+ 120, M. Z=192at x; = 0, xy = 16, x, —
: ! e F=525 au=ﬁ.y 30,z= 'W *”m b o
subject to Max il S g — e
2.‘:“_21_2_'_13510{) \!I"“f Hﬂﬂtt—g.}’ 'U e ;

25 A

—2% +5x;: < 80 Min. C =7 St FI S S E

JO.I" + 5x, + 4y, < 80 : SOV
4 3= Sys stem Of Llne&l'"t 'H"-' ‘4"
X, X2, x3=>0 (i po - -“'"_
125 ;LuLHIIDI‘I of the fomuu: 'l" V= C IS call
e bles and @, b, ¢ are constz
)
"“: | system of linear ”‘

ng the same vanaB

|,'“'L1h
for example: @ x =+ l{l}h "%f;ﬁ
e SR
2,x + by = €3 1S a SyStem o
) +
e system of linear equations i

el
a, %) T G tax=b

'l'.: 154
anx; t ﬂ'zzxg; i 53X
ay X, + aazxf - dn

. -.'-H.I '.."'.-_'..4-' 11 Y
where the : 1ts of th
IR

|
1
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The system of m linear equations in # variables (unknowns) i1s

3\

" JTR a7

i = {2l 7 = I,
il i ol ¥ | » 1 ' ™ L . Ir"..
Ir b, = 0 for all ¢ o2 m then the svstem of -
L vicaiey ul o equat
i ["' n -
ms 1&

homogeneous system of equations. Cal|
ij

\ solution of the above system 15 a scl (5, 82, v,) of a numbe
1§ Irs l]‘
al

each equation a truc stateme : .y . : .
{ &g i ¢ statement when the values s, 52, ... 8, are 5Ul‘h‘,l‘ dl':t*g
(2 : : 5tu1L-[1 ,

l]l-

rhe set of all possible solutions is called the solution set of the i

Car g
Yste ten,

A svsiem 01 linear L'L]'Ud“l”i.“- h.'l'-u L‘i”h‘['

no solution, OI
2 exactly one solution. or

infinitely many solutions

Definition

\ sysiem of hnear equalion IS said to be consistent if it |
1as eﬂh
er

finitely many solutions and system 1s said to i
Ellt ]f

colution Or |
has no SOJ lution. Il
For example: The systcim of equations x; + x; = 3 and x,

T T ML= :

onsistent since it has a solution namely x; =2 and x; = 1,

PR A I - } - = ") F PR L g e .
But the system 0i equation xj T x3 — < and 2x; + 2x3 =518 111cunsistem 8]

1 ]T 15 Nno ML!fI|]Ei*}1.!-

ces are discussed in the following examples:

1 Nrec ||.-Jr\..f|._rlli Cd

Example 1: If the system has exactly one v
system 1is said 1o be 4"‘

independent.  For

sOlution, the

consistent and

example consider equations

. = 8 and —x + 3y = 1. The solution

1 = 2.

these

|
8)| LIS

a}xta:rn 1S

I. The lines represented Dy

and they I+ 2y=4

equations are intersecting
< _ . ; —x+3y=1
intersect at (2, 1). Such system is called ‘

consistent and independent. The graph is shown in the adjoining figure

Oy
'l'l‘llrlfrl'm'l !rl.n.tkr.r
. |

g (f the 5% stem has an INfinite Te A1 =
_-]1!|‘ ”“1.“1'1-\" ti]t__ \Er Lllttl'l 15 \;1-1-”-‘ 10 r #di!’z
pr ol T jependent | L fi
e stent and 0€] ent. Consider 1*1.
1-"' ] b 7 = F i |
|.'I||:I 111'-! it L) 4. I'i'-!rr.: Tw I|. -
' he the same | = » =
Iil-‘-l =CTh L - C 1ine B‘-.ﬂ.‘t] ’i*
4 -.|'.5‘”““" common solutions Thl‘.‘ iF N i_...---""’_'J
. o this t_..,t..-:-.h:'ﬂ! 15 the sey of all “TTTF‘_L ___,..--""_
( z ~ ) —
ofl e line. [he graph 1s shown in EN |
il ’
nin , figure. — - Al .-—"""JJ#
|| 1
7 _ 1 the system has no so § -
ple 3’ T . -
1,1.-'-' em 15 <aid to be inconsistent and ’ ’
. ﬂﬁl‘t."l Consider x + v =12 and x 4 y =
{ - -
I|'||.1 }-”_ }_,,T'-.iph W L “FLL thdt lht_ twk'l Pt - P -
: _—
(o 1ol intersect since the lines are
_|"' o -
pr= 4 Thus the sysiem has no solution. n
7 sl vn in the adjoiming fig 5 i
I --\[ 15 shov adjoming f1 ure., i i
rhe : 3 : =
| and Non-trivial Solution >
T”'Jlt .-"""‘/
if al (he values of the variables in a system of equations is » h ==
Rl - S Z€to then 1 -
| N 15 L_;]H'Ed u-l"- .'1111 b(}'lullﬂn lt at llta':il one \'a\uﬂ ﬂf lhE ‘.‘ﬂr hl‘ 1 The ‘_,.—f-"'" e

307 1 en the solution is called non-trivial solution.

Ma“"" Notation / |
ansider the system of equations g
L o+ 2X2 BOXSEE 6 /H__.,
' + X2 = 4 - ar £l 3
j 3x — X H X3 =2 /
e @ "/
- || : l-, l:ll is called the coefficient matrix or matrix of coefficients ' /
E :
[ 2136 / F
And || 1; ‘-, (: * 'i is called augmented matrix of the system. J

6.7 Solutlon of Linear System

ons has solution then they can be found by different
e following methods 1o solve the ,‘

L If a system Of equat
.thods. In this chapter, we discuss th

mc
® system of equations.

: a. Gauss Elimination Method
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E‘.‘mm 2. \““h C by (rauss

=]

ehimimmation method

L2 0T X

-

i s + 0
Iy T X 1I-||_ J

YU

{nven cqualions arc

= 1 5 (1)
dr. 4+ 2 2 (1)
| 11 | A1)
| % ;
\ultinlvine equation (1) by 5 and subtracting from (11)
o i a i - '
§ 1 L
) I 5
=gl g g
£ 3 _'i
s /1 :
—_— - - o 1V)

1() 8
— (V)

_"i
g

ultiplying equation (iv) by 73 and adding with equation (v)

.-1_-.||

_——

39

= ..(vI)
he following system of equations.

s> k)

1v)

126

——

20 3 o1

From equation (

I 1n (iv)

' .'JJ'.I'"-"J”

Ul'l'hrqntinl [-qum‘-rmq

UNtTs 319 — pjfhz
- : Al
) / (_!_ 7

. USINg 4 | and L In (1), we get ——
1L 2
= - 5
| ---’-'-‘__,F
vy = 153 = N
[ Ise the Gauss elimination method tq < (-
-_lr].lr"le 3 3 ,. ; e LY 1‘1!1&"! c lht ,"-:', _"t'n.-n'l
gx! v, + 2%+ 3x3=2 1 =
\ r X Xy = ] -
1y s+ 2x,=3
. ven equations are
LI
i . = "3 .
F 2t 3= 2 22 (1)
L b Xy X .. (i1)
yep 3xs t 2X3 = 3 {iii}
¢ybtracting equation (1) from equation (ii). we have
X = 1
\
+ 212X F3x4 =2
X 2
X2 @ =A% .. (iv)

Again, multiplying equation (i)
u:: have,

2x; Ix, +2x3 =3

oy, +4x; +6x3 =4

by 2 and subtracting from equation (iii).

—

~ X3 = A o (V)
Subtracting equation (iv) from equation (v),
2 dxy= -1

rn —  4x= =1
o+ -

0 =0 ... (V1)
Now, we have the following three equations
b Ah ; l‘l’j 41 3I3 =2 (l)
—xy—4x;=—1 e (1)
0-x3=0 ... (V1)

The equation (v1) 1s true for all values of x;. The vanable x; is called the
free variable. So, x; can take any value. Hence, we have infinitely many
solutions for such system of equations.

Thus, if x5 = &, then from equation (1v),
x, =1 -4k
Again, putting the values of x; and x; in (1), we get, x, = 5k,
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Example 4. Examinoe the vansistency of the system. Solve if possible
R+ dy+3s=|)
+ESr+a=3
IX4+8y49xr=5
Solunron

Giiven equations are

L] - :1 4+ :-" I » f]b
&y + Sy + G 3 . (11)
f + 8y + 0= § s (111)

Muluplving equation (1) by 4 and subtracting from (i1), we have,

dy 4+ Sp 4 (L A
ir+ 8y |22 =4
G ] . (1Y)

\gain, multiplying equation (i) by 7 and subtracting from (iii), we have
L . -~ ¥

: \'L 4 '|.|;|'_‘- s
14y +21z=7
O) |22 I e (V)
Multiplying equation (iv) by 2 and subtracting from equation (V), we have
"l"\- I:‘.- g | |
0 | L& .:
.. (v1)
Now, we have the following system of equations,
e 3> = | A (]
- .r o IV

(vi)

Here, no value of z satisfies the equation (vi). So, the system Hhas no
Hence the system of equations is inconsistent.

Example 5. Solve the system using Gauss elimination partial pivoting.

Solution

Ulven equations are
4 i k)
Xi—x+x; =0 o (11}
25 4, ;=7 ... (111)

b
o
-

—

niﬂnrantlni Equation
L}

. | — F
|y1ng equation (1);0y 4 and Subtrac 'S
[ iNip tn,".L “” .
v A} 0 2 haye
. —;;.1 = ]
Z |
X 473 (iv)

L Ax X3 4 E
3 :
5 EJH =2
F.
) . (V)
| -=| <| 3|, interchang; ion G
nee ‘| 2 | l 4nging quation [l‘u’) and equation (v), we have
o |
3577
7
1 -1 .:I 11 £+~ I

, 5 y |
\ultiplying the first equation by —5 and subtracting from second equation,

ve have,
-1—_11 - %I; =—1
3 S R
= Xo = Z X3 TS
: o
v “'% . (Vi)

Now. we have the following system of equations,
dxy T 2..1'2"3.1'3 —4 u-(i)

3 1 :
2+ 2= TG

3 .
3x3=5 il

From (vi), we have x3 )

Using the value of x3 (i1), we have,

R
2T AR

o L

f;&'t’:/#f
wd ot~
— &
-—"""'_F-.f--
—
F______,,-—-
-—-'""-'-"
—
-"""'-F*F-H
N ' -
"____‘--" '__,..--"”"’..#J
.-""'F-’ : —
..r___,..-"""_- iy
- od e
" -#-’-_--.._l' - .
"‘-—’. ._J____d..--”"_r_r
"//-_...--"-s.-
.,--""F-.-F'.F..-
—
// —
.—-'""'H-H




ion (1), we have,

; 1 !L'LIICI!
y the Jues O 'l,..]]]-.|| y 1 ]
A gain, using e v
‘ =~ =4
ol y
3 5
41 {4+ >—5
Ay
=7
1 - ]
| ==y, =g and X3 =75,
f,’,’L r."“']ll”f't't] _\:_rlr|”“1” IS X ‘; X 4 5

L

~ Exercise 6.3 oLt
Snlve the following system of equations by Gauss c“minatinn me{hﬂd

v ) b. 2x+3y=4

d x-—-2vy+3z=2

7y
o
g
‘s
i
|
~J]

|
"

lest the consistency of the following system. Solve if possible:

2z =~ ] b. xi+x—x=1
2x; +3x+ 383 =3
Xi— 3.1'3 + 3.1‘3 =2
x;+2x+ 5x;=4
—2x;+ X + 3x3=12

6x; —3x; — 9x; =24

*

/

UMNIT 8 323

. limination witl
g the GAUsSs S : With partial pivot
INg, solve

"'.i-h

i 3% %! 2

very Short Answer Questions

hat type of solution does this system: v |
3 Wwh ystem: x y=1and x- y=5 have?

(n Gauss elimination method, what is the Coefficients of the bl
I ‘he F =7 Var: < Of
‘he equation dj W here i = j called? ables o

L
-

write the two steps used in Gauss elimination method

AnS wers

li i 4 i ] 1I: = -l

l1- X 3‘_-..'__“:'_ ] i -t[= L-tzzlnx_i':l f:- t'|=1 I"l:j _1'3:1

? 5 1 b Bl & iy
onsisten, X =547 , V=7 z=7= 1 2 A

,, Consiste 20 ¥y 4° 20 b. Cunsmtenl, Xy =E A 2 o "?13 s B3 — '-'33

.. Consistent, infinitely many solutions. infinitely many solutions j

d. Inconsistent e. Inconsistent

_Z‘,[,:j x3= |

1 i Jo B b Mo |

5.7.2 Gauss Seidel Method

an iterative method for solving the system of linear equations named afier

carl Friedrich Gauss (1777-1855) and Philipp L. Seidel (1821-1896) is

Gauss—Seidel method. This method gives the user to control the round of
error. For faster convergence, the number of iterations can be reduced with
close initial guess.

A simple way for initial guess is to assume that they are zeros.
Now, we consider the following system of equations.

ayxy + apxy + apxs = by

anxy + anxy + ayXy = by

ayX) + azpXy T AypXa = b;

where @; and b; are real constants.

Yy {*‘wdlh-i

Oliftarantial g Quatione =

i

.
/
/
5
- =
=
/
z
,/
B

-
—
/
!
!
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We may write the above system a8 foliows

st

L
ol oy
— L ' F i L1
= ---—--"'*""b" L/ TLI R {11)
Oy~ J3,.X) — 91232 i1l
and 2 g e

While wrniung (1),

coefficients of leading diagonal become non=zeto.

[ et us make the initial guess (X, X2, ) =(0,0,0)

Putting i 0 and x; = 0 in (1), we have,

b,

U y ol fw:_::;nm.'}

0in(1n). we have.,

Again, putting x; = Py, X3 =

) ;.l'-,'?"

y g1 [ﬁ!l;l;hhl.‘l

And, putting A g, in (i11), we have,

JJ“|. ko

Dy — dy P — a4

P ’

11

‘1 (SUppOSsE)

The initial and first iteration solution can be tabulated as follows:

-
Iteration | X | X2 X
0 JI Dy I () (0
|
" i J( q1 4|

Thus. afier first iteration. the EIPF&]’HEHHE!TL‘ solution is A1 = X2 = q and X3
We continue the process until the desired level ui'in_‘-{.:lll'm?}f 1S met,
I'he absolute relative approximate error is

l“..L' A rI {.JF{I lrll J

unknowns.

Diagonally Dominant

of the absolute
“quations is said to be diagonally dominant, Thus, a system

oy xy 12X f o135, f‘.«

(ii) and (ii1) we may rearrange the system S0 thag I
F . II
C

=r;'

j < 100 1s less than prc-ﬂxsignud mlcrance For all

If the absolute value of the main diagonal coefficient is greater than the sum
values of other coefficients in the same row then the system of

" ..ient of the variable in the system of equations shows a small deviation

2o tions then the system of equations 1s said to be ill-conditioned.

cor example:

MNTs 395

i:r s fl'."n};_lflT!."};E'j fl’iTrl'l.',.d_' d i < -

/1) / :
. TN whether the system of equations 12, « Yy - % /

iz =28 and 3x+ Ty 4

1 sy + 32 132= 1 is disetnat --
; .__!,Il_'r : ! = - ] l"h dldg'irﬁ‘;} f"i'”-I. .-:-CT-T | . b
..i:

he absolute value of the diagonal coefficient is greater than the sus
. ubsolute values of the other coefficients in that row, so the svstern i

A nally dominant.

. '.'I - |7 b /

em is diagonally dominant, then the convergence of the solution is
~ Otherwise it may not give the solution within the pre-assigned

| i -onditioned and ill-conditioned system

rem of equations is said to be well-conditioned if a small change in the

. .olution. But, if a small change n the coefficient of the vanable n the
cquations shows a larger deviation in the solution of the system of

L |” '-:'1‘

cider the system of equations
X —Yiu |
x—-1.001y=0

olving, X = 1001, y= 1000

cient of y in second equation 1 0.999 then

\ow. changing the coefii

X =Y 1
x—0.999=0

Solving, x=-99%,¥ =~ 1000 _
g euefﬁﬂiﬂnt results the very large change In

e in
Here, sl onditioned system.

Such system i called ill ¢
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"!THEM Hipnoned S slem represt nis the straighi ill'll.-h Ih-tr Lol jres a ki
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ﬁﬂ‘mﬂ"" |'If | Fven d <light gt on & Vi Of th -
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Itersection pomnt 1t 1 03 3) K
mn L
..~ Examples - — -3
N I”u.-v'“'““‘ [ & f A I } . ety ——— ; ,I“,'.;lunll.
l del ::n'[."lt*il_ solve the cyik ' : k. 1 O P
le 1 cing Gauss SCIUEL L5+ 0.988)= 1996
Examp 1
Q
]_;] 006 —-5) 1.00)
sofurron i ' £ -ation:
5 14VE, patio
y the gaven equanion we I 4" et
the | :
! -’:—{f- + 1.001) 2.000
e I 9

it ||._"|

- '1:12.““” - 3)=-=1.000

[teration I:

-
-
I
"
|
o

e ()

g 2 sarations, the values of x and y are equal, so x = =3 Y=

0,

oy -~ equations using Guess-Seidel me - '
Example 2. Solve lhe following equations 3 Ethod; + 2 25
A= _."_l-“ g1 B 4:.. - 3 11

S

1Y, T2

i 5 _‘,’m"fﬁfu‘l”

225 From the given equations, we have,
"rr#.f'li’.‘f;'f-‘f-'

|
X - 1{8 +’1r—z),

'15{3 — 2x - 22)
initially (). A (/ —

|
Z =4(1I*1'—2}’)

Initially, x=0,y=0,z=0

3 (5-0)=1.66 1* iteration:
|
" . =7 (8+0-0)=2
| ~(1.667-5)=~1.111 b 4(8 0-0)
y =l:,(3ﬂ2"2-2"0)="0*2
. =%(11_2+2x0.2)=2.35

Difterantial Eq

T e

 pxample 3. Use the Gauss-Seidel method to solve the systems:




328 Mamsmancs ]

‘ﬂ‘
a lmrnﬁun:

: I

$d(8-02._23¢
4 d <. 35) 1.361
: L
e\ 1.363 ) ? &
| 3) {)88S
=1 3
I = 136349 % A doe
;r-! ¥ - = 0 hh-‘} -‘.-H.qa?
‘ -'h'r':il‘inn:
‘r
§ (8-0.885_ 5 ge
o i, I
<.852) = | 066
¢ s
= (3 r,
- — : |’ ;Jf‘fl 2 N g
< x 2.852) 0.967
| ; i

J:Ff 1.066 + 2

0.967) = 2. 9457
4" iterg tion:

I

IIN - 0.967 2.967) = 1.017
[l 'Ir

.
4

{

.JIII-._

n
£ X 1.017 -2 x 2.967) = .994
!

g (11 -1.017 =2 0.994) = 2 993

ALen iteration:
!
o (8 —-0.994 _ 3.‘»‘93’) = 1.003

'Jlf—._..

{3
(.

2x 1.003 -2 x 2.993) = ~0.998

. 1
g =g (11

[.003 + 2 x U,_UQBJ = 2.998
6" iteration:
1 =
.-I (8 —(.998 - 3,993’} = 1.00]

i ET 7
; s(5-2x1.001-2x 2.998) = —1.000
£ |
. - (11 -1.00] + 2 x 1.000) = 3.000
7% iteration:
Y (3%
4 (8 — ] ) =3
/
1 =s(3=2x1 2x3)=_]
|

. —'_:I'r'H 1+2x1)=3
F th

rom 6" and 7 lterations, the valyes of
Y=L y=-1 and > = 3.

P—

X, vand z are equal, so

[ 4

[Jll"lafnn‘llql
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B i i;-i
.r"lll'“t
e the following syst
, o= \ em
I wheth of “quations 4,
€ rl”i[-*lll
1l
g b
'l 4 }p rm
) (8]
’ 9
5» X=Jy+2z=)
5% 2

I|"-,Iz'!'3_x]'__—2

1ve the following system of equations using Gauss-Seidel method
: ethod.

3 _:'__1'3:1 b, 3I|+I:=S
xi +4x;=3 Xj+20=5
C. Ix+y—2z=2 d.

E.T1+I:+I3= 13

:'_J.' =5 51‘ —Z= 20

x —3y—8z=3

1'[1"—'51:"}‘13:15

-Xi +4_,t1-v7.1'_1,= -14

Very Short Answer Questions

Define ill conditioned system of linear equations.
Define well conditioned system of linear equations.
When a system of equations is said to be diagonally dominant?

What is a simple way forinitial guess in Gauss Seidel method?

Find the solution of the system of Fquation 3+ x; =5 and x, +
in second iteration using Gauss Seidel method.

-~

Xy =
— -

S

Answers m dagonally dominant

;.il

Dlagunall)'m”"‘“ég‘ b = 1.861, x2 = -0.671, x3=-0.177
Pl AR . 2 ) = 3, = |
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6.7.3 Matrix In Version Method

i e ncall .|"‘-.'lr” the

ordan method with the follow Ing Steps.
.'I.-.II.:_.rE::'LLI.‘i.I

the coetticient matrix A w ith

a | 0 0 ;l
L Ld .f,f lir l"i |II

I3 i 7 &l IrJ rJI ! _|I

Step 2: Apply Gauss Jordan method to the dugmented m
dentity matrix | as
I ;J (/ Li‘ll ta’rl (¥

|
| / () & 4:"__ L I,

{J I ; | l‘r' 7 “rl |

Step 3: The right hand side of mat

Nx i step 2 is A

WX which has b

d non-sj

Inverse of g Square n
SHNCSter. A sgu e matnx A ;e sMigular if A 0 an
= ! TTOnN-5) MTIAT SQuary maitrx 4.
LA A A I where | IS the identin matrix
TIAET the fol OWinge sSYStem of cquations
rix latio he above S¥YSIem can be w iten as
LA 3 1)
X A=
1 |
e, A X =[ 1 B =| |I
'3 i3 fl_ | J 0 I
\ . then (1) can be w ritten as
A {AX) \' B
17°A) X A B
[ X A 'R
X=A"B
“quation gives the values of ‘I» 2 and x;. The A
Ly ISS

Ngular

q.:i.'f.’l.‘fL'LJI by, A

- can be ca!culale

an identify matrix

alrix to redyce A to

e Studied T
A

1S SUch ”“”

d

'I : 1!__1{..}“'} 2

(rative Examples
I I Ill )

voply Gauss

at A with identity matny |
18

y & G ¢
t i 0 |
l | g | 7
5 1 o R R,
| i ) |

Find the iny

Method.

wugment A with identity matrix |

Di"uruntlul Equullons

ll-.”‘.!-‘”: TI]CIh{]lI | [|.
L "‘ ”
@

erse of the matrix A

—_

M"H'J
— e —

by Gauss-Jordan

Pl

2 18 l 0 .0 . =
I =] 302 IR
L 2. 1 RGN
F L 1 i
] 5 E 5 0 0 : /
3 53 0 1 0 R-,*—-}ER]
L 2 TS AR IS 1
E S| I 1
], et = 0k
'1,! El 23 R;,--}Rl—f’[:h /
8 )l {0 | 3 Ry-2R |
0 5 _2 5 | 0 R}“* 2 I
0 RO =10 1 e /
E 4 |
-;. ; % 0 0 |
-\--)ZR'_- |
“1. 53,240 ¥
0 1 |

S — O~ =
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-

—
II- | N 0 y . I | g =nlve Ii'ﬂ,' 1|.|'IIII'~"-'|“H "'.'.,.'1..[[__1“ of . f..’- a1
i . = L '-1_“]_1”"“ i —
() | { 4 2 | [ R » Ks + R Lo |LI~_5!|I"1'| r WMINgE mverwe o g
| i) i 1 ]2 » R I :!Il : . / —
! | 0 | f . . vy 4+ 2y 4+ 2 4 —
L | -‘: \f |If I| o 4 T 4 47 / d--#d'-'_ o
! r-J ! !I Qy — &) S5z = 55 /’F*"f
Example 3 >olve the followinge ="

system of equations by inverse matrix

i 1 | i lt]ttl][hl

HriX form 0l “'I.L' I._!'.l\'t.:ﬂ H}‘ﬁtun] 15 /-
L :

g I i hi ~ _|I . - - 4 - :
: § & — 3y =4 ) & 14 |[ : \ \ :? k / ,--"""”"
' "”j o I:_; 3 Jq Z . 55 '/ e 2

mairx lorm of EIven svstem s

e ' - - .
| | 1 S N N = ;H_._F,.,-ﬂ-‘
[ . 3 _1[: ] [ 14 ] | \ |1j. {I:I / f__ﬁ,_,.-"’
1X 3

: | uement A with the identity matrix | < e
A=A'B . (D) ) [ -2 2 A SsEisoan /;_,,f'“’ >
: : 8 7 =4 %01 6 - e
where, A [H_ j} X [: ]””d R [ 5 ] |1 |1 9 -8 5 : 00 1} / e *
' ' 19 It St
We augment A with identity matrix 1. |5 | 12 . :li 0 0 / o 2 i
[A I' [ "~.". 'Ir | ”] 5 7 4 0 'I ﬂ R‘" ﬂ(*l)ki / .f"'ff
= 3 0 1 L 9 -8 5 0 01 = 3 =
[1 2. 2% ; r O ) e
| ) 3 R, — — I | ' t=a 0 0 _
| R| 2 2
[ & 3 Q0 3 R P i
> | o -1 8: a1 g [Re2R+8R, | .
[ _} _L 19 0 R; - R! -9R
i : 3 ¢ 0 1 aE S 01 l | /
| JI R I{‘J — I{_\ HRI | - - i &
- G | | 0
i v J 'l- ! 1 =1 —'i‘ et~ lt IR ///
| | :
: = = (D ~| 10" S 4 -1 0 R; = (1) R,
| 1 1 I{ —3 3} f{ lq g 2 /
i) ] S 3 4 0 I _2. -*; 0 l l
> i
2

I""‘--l
B o U]
JO
Ivh.i S
S
i i
-
-
w!._
A~
=]
—
]
| p—

Ri—=R;+R;
Rj,-—}Rg-R:l_

-

I"""--1
L—_.__i

i
=
il

From (1). b

e
f""'""--1
.
1 Ll-..___J
r""""—1
5 W

o —

(=

|

p—

....
oo PG 21 )
s

Lo

R;‘-)'iRl

) pr I L=

r
|02

*I'"""--T
o
-y
Li e
& oI
—]

!
=
-
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I 0 {) | 6 <
q 19
URIT0 s = A2 16 )
3 1 B R, ' R, 'II—FH
g 1 { : R, - R, - B8R
|II '8 5
_‘f _FF'_” l 6
\ 3 B s
£ i 2
Niow If-.rrHrH
X B
| O 5
2 A99i6 N 4
5 ] 4 4_‘
. L2 S 55
| T 3 B
<4+ 6 x 47 5 x 55
2 4 _ p
. ( ”)
"al | '4 T =y ¥ J'ﬁ‘
2 ‘ )+ (=3 {4.-14(-:—) 55
z 2 2 2
Tl Gl i (—47) + = x5
3
- - 2 |
BAY,
/
L i iy
= ! 2 _";.

Exercise 6.5

TaTa | I 3 .I = Y T o e - e

| 2 )

; (36
. 5 ). 73

dolve the follow Ing syste

M of equations by Inverse matrix method

. xt+2y=¢4 b. 2x+35p=3
1% :‘I. 1 4_31.:2
C v, -
21 X, +4 =) d. X1 — 2x, — X2 =]

S using Gauss—Jordan method

I~
{ af"gj E
Ditforeny « v~
al o
qu“if;ﬁ‘ t_]'."T = "y
o : 8 335 2
IJL 4 i e
 § | — e
3 ] 579 — i
ot ¥ 2 2 E2 I / <
Es | H_,_.-"'
, = () 3
' 4 ' s Z+ 2':,' g / =
31 |
i

1
\
\
'II !

i 5 /:‘#HH

very Short Answer Quegjighs

\

sne singular matrix,
11 L= -

5.5 Bisection Method
| computational Methods

' Numerical computational method plays an important role in solving many
l’ cal life problem mathematically. Numerical computing is an approach for |
[ wlving complex mathematical problems using simple arithmetic operations.

\analytic solutions are often either 00 cumbersome or do not exist. we
e to find an approximate method of solutions. Numerical methods give

mproximate solution to the problems. They are much easier when compared

0 the analytical (exact) methods. Any numerical computation is judged on

o basis of accuracy, rate of convergence, numerical stability and efficiency.
e basis of accuracys: T
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number N js called the rate of cony €rgence.
14 e Secue

HUENCE converges and N = U, the sequence g said to Converge
. '.'ll_ I .’r'-L-.i.'l |Illl-- .f”li‘ .\I

0¢e is said to con verge ﬂuinneaﬂ}*,
An algorithm i rically stapje if an
to much | the COmputation, This

I, the seque
Numerical stability: said to pe nume

| not grow arger during
is when the problem IS 'ﬁ-r:H—L‘nndirmnud_
Efficiency: Efficiency refers 0 the number of
Hgorithm, amount of effort and time,

IOt to get IJ'JL‘ il‘CHH’L'U’

ireraliuns
A method that re
dccuracy is pre

'0ns and Error in Numerical Computing

ey, ] ftlall
.L_.,_.'.-'.

1§ ,r-f_:l"
I I v -—

N the
quires |egs time
ferable method.

%%

Approximat

. the error may arige diffe
CIrors

rently. The m
dare

ajor sources of

l. Initial crrors: If the initial data is not corre

Ve exact values are called initia]
}'ru.'u'alinn errors: 7

ct then the deviation
their respect;

from
error,

2. runcation error refers to the
“omputation may
E55 cannot be carrie
and |

error in a method.
_‘mmcmnm

involve infinite process.
d out Indefinitely, ope is forced to

4l approximate solutjon.
ation error.

numerjcal
Since infinite pro
SIop the Process

1ence accept
caused h_; this pro

The error
LCS55 IS H'HHL'

Ui”nrﬂrﬂml F-quanrm-
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off error: In Tumerical COMPuLa;, .
1§ b T Ve Come e
|','|'rIll 1 h have arge [I'.I[ﬁ‘"IL'I' O '11"”' dndd i J
. i S & 'S Ney -
' c to a usable numbe; Of figures The s
| i * i o ’ L= yr i
Ko \t't'llhﬂ‘i. \CCUmeoy reters o thi degpre O wWhich ' Quantity COry g lled rounding Ol CTTOT It UCCure A r e
L 3 oy alc .- “CCurg UUe 1y o
INd e [y thee - 3 T . . v “MUC i ’
'y om the error there are tw Kinds of Numbers (i) CXacs + devices THI!'L'ii“f”"*J"{iitldnl}mu:”r« ot :
" |atin! -
umbers and (¢in 'PProximate TUmMoers. The ny be < .
oIS Imbers g = '
| 1O e 1. 3 < 4 \/4 | Df EerI'S
_ |
CAACL numbersy \ Proximate numbers are | . - eme . ;
e I ( i dArg flrsm_ HHI'Her_'.. |f-|‘” ! g ”-i,:ipulf't:ll In Thﬁ' f””".‘.ﬂ".lnu Mave-
' LR numbers 1o 4 CCritinn i.llt'li_‘l'-..'l.' O] dCCuracy \n -'ljil-'ll:rtnnl! Al SIS
" | R ¥ i i e ! s - -
- VERIS3. 12159 o4 better “PProximate valye ic 1.14159294 We error: Ihe difference bthnen ‘rue (actualy Hue and pes
T L WP es . 5 =T L Car
Of Write the exact 1T of n “f“.” cCome ACrosse I'IIHHFTL'I.“ With . (rv ‘mate) "r'ilhlL 15 qu“{,ti tlllE_‘ Efrﬂl'. ihllf_. I
il Al
¢ number of digits, we Cut them (o 3 usable numbe Of figures Sao L.xact value r*‘-pprﬁximdm val
merical ¢ YMmputing ;s Judged on the basjs O dccuracy, | e SRS I'l bsol -
: | . | » error: [he absolyte CITOr 13 def; |
- Rate of cOnvergence; Most of the numerical COmputing are iff:r',ilh'u n ‘ﬁ""“lll“ L defll‘iﬂd b}
lature. Rate of convergence refers ¢n the speed ap which a Converpe, t value — Approximate Value|,
cquence approaches IS limit. ‘ I ‘ror: The relatjyve S g
iy I jative error: The relative erre, 'S B1ven by the formula
! f N i el i [ = * v | 1 . i " HL.‘ '
=L HS SUppose that “ SCquence VX4 vonverges to | «act value _ixppn_r:-umate ‘Ua[ue _
L€ sequence X4 1S said (o CoOnverge J'mfar.‘_\.- (O L if there eXisty a 5 Exact value & priced that ~Xact value
mber N € (0. 1) <i1» ; S
nhH N (L), such HHI i | 1O ZET0.
| i
Cpdj—T L
‘‘‘‘‘ _'_\——n_.__. — \
U — 1

percent error: The percent CITOr 15 giyen by
| ‘-1 = —t

A PProxima
Exact value

HRt:]ﬂti‘U'E Er'rur W lﬂﬂn
| Exact value

e valye

%100 Provided th

at exact valye
¢ not ZETO0,

5.1 Non-linear Equations

Jinear equation is an equation of the form y =
" nstants. An equation which is '
. LI ll-:m]ﬂt‘i 21’1 T 711 g 5}"2 = (), X+ Sx+6=
ese are algebraic equations

The equations i x g0
Tk ]'llt‘l][.ﬂii

gisection Method

 mathematics, it IS a root findin

g algorithm which bisects an interval
gpeatedly and select a sub-

- l ] l 5 ] E- r l F I
|: ;

rethod 1s based on the following theorems.

ntermediate Value Theorem

or every &
et /'be continuous on the interval la, b]. If £ (a) # f (b), the‘nktor every
ietween f (@) and £(b), there'is a point ¢ € (a, b) such that f(¢) = k.

cal computation but slow. The




2 (07
d 0
- r’
Mel
.-'-,h‘( J',/l‘ 4
r-l'”ff|iﬁ‘|rl". »” ot N>
m "‘THEHATICS l' o f 1”.“.‘ 1””' ”' » | b iy v & % :-'Fl‘ —— . .
the process | v Meryy ) .
Bolzano Theorem g =
' F(x) be n cContinuou < h.‘a‘h“n']l on |'|-f. ,Jw‘ It fla) 7{b) - Hi'hrn an : .I".I”l]']”i number ol II!'I.ll'IrIH. ,-|||.,-_.__l, / 29
} has at least OTe root betw &Cn @ and 5 I”r”h.” \,,:|r- 11 J LA L) U /ﬁ
whel
Bisection Method Procedure et {8 U e where g () i, the pry g
- . . |||"||,r11i..r . 1 r_”,p..:.__ .. / |
4 Continuous function defined on [a, b] with / (a) f'{'f:) <7 er =
{3 S eorem, there CAISIS a root in (a b). We d45Sume that / (x) hil.‘i nn}:!" >, Illl.lf';tl"ﬂt'lvﬂI [‘:x"mphlﬁ /:_..--‘
, : : . y —
€ rool in (a A) Bisect the interval ]'u, ,'rf o get a Hmf—pmm X = 9% b ; sle 1. ‘\p]‘th the methog Ol '.lu_‘n-_-.l'. §
2 I ‘.1[11" ; . ll, : . S Aa : JU LT 11_}11_.;“ sy o i P . / J“___,..--"
Lihen x, is a root, which is very HF‘-‘“LGCI} but Possible S(an;timg [ 4 oL 2 Wiligd Places OF dey il iy 12 1 \ —_
. j
= 0 then the ro es o . = en a i s L /
 then the roof i L”h”,btm“” ' “].d M hem"“"’" Yo ang P [et x be the square rools of s, Then
enend on whether £ (v,) is Positive or negative, We dgnmc the b : i ,
J - nE“,. 1 ; -
|2 J -
terval by 1] whose length is - . X ) LU0 /
¥  Letf(x)=x =~ 2. Given, g = 7 and hw 3
Loy atd o Here, f(2) =22 §
vext, we bisect (a1, 0,], say, as y; = 2 M ()= U thep X Jg th r(3)=3"-5=4
¢ f o A\ I : Avra . .
uired root. If /(x,) £ 0 then we repeat the above process. The NeW ing since/ (2) and /(3) have OPPosite sign, so 4 Y008 lsex betvicen 2 ind 3 /
: CTvg) f ~ —— '
b — a| _ / <4%h
niaining the root has the length o ; ] B 2 fla) f(bh) | fm) /
- —- 0 \
- _——-__'_"‘——-—__.______\_-——_._—-—-l-—.___ — e L
We repeat the process until the desired interval is found. the Ienglh of :. -;3 28 ; I 4 1.25 /
[ oy thant aave the : 2.5 225 3 E25 | o0es -
‘rval 1s less than. say g, ﬂ, - = ™ _ -
: 4 -..25 2«[25 r -1 0 “6:5 0.4%4.4 /
iriv. the intor.. e e - =
1y, the mnterval width is reduced by 2.125 2.25 2.1875 0,484 0.0625 02148
nd of » 218750 |28 22188 | 314 00625 | _0.0769 /
e 2.2344 2.25 242 | _5og7s 0.0625 0.027s .
A Bk o 2.2344 | 2242 22353 ~0.0075 0.0275 | 0.0099 -
l'he bisection meth )d is shown gra hically as fo] OWS:
- ECl 1 IMc¢ ]ii{ a IS I = p /] 2.2344 2‘2333 —{},[H}'S f}w
——h_——
) Since a and b haye Same valee 8pto 2 places of decimal, so the required '/
root is 2.23. |
[, £(5)] Example 2, Using mﬂind‘fhnn_ find the root of the Squation x* — x — 4 =
' lying between I and 2 Sormect to 3 places of decimals.
Solution |
Given equation is x*~x~4 =0 |
B Let
X L
() i :
U /@) =x -3-4

OES S EL S
f(2) =23i. .'."_;;"-u.. .
K

" —

Since /(1) anx




o A i -!f\-l ‘I.ldl
{ by ! ;1 3 IH
o My O 0 | -.h.. v !Ekﬂ"
- - ]1 1= “ nﬂq
{ My iR II“.F‘R
s | s‘._-"; N {149 i -:.'3
" oNd B 0T
OO0 0.0048 | "”-r-E
. : S 0.0121 0.0048 . “'nl?l
7064 0O 0034 0.0048 | “-“!‘.'I]ﬁ
< : K 7061 0.00 0.0006 i ﬁ.{:‘:lﬁ
YHha 00014 00006 J b
S ¢ same value upto 3 places of decimal, so lﬁ:ﬁ?\'
E QuUire
Example 3. Use the Bisection method to find the solution of the e .
r—2 0 in the mterval [0, 1], accurate to within 1073 Watioy
N7 r
|
2 =X—5%
~D I
F
(] — ()5
Cit (0) x f(1)=(=1) x 0.5 =—0.5 <0, a root lies between 0 and |
J’ ! |' a+ b : _
. | m=—>5 /(a) 1(b) f(m}""j
—— e —— g | | B
0 ! |[ 0.5 ( = 0.5 ~0.207]
" . : I' 0.75 -0.2071 0.5 0.1554
ns _ 0.75 f 0.625 -().2071 0.1554 ~00234
0625 0.6875 | 0.65625 -0.0234 0.06657 0.02172
U_-ﬁ: o {) r'j_“;h:_‘; ;I ”_I("Il-l‘ﬂf)js —{1.0234 0.02 ] ?2 ""0.0008'

. |
y

So, required root 15 ().640625.

3 log 10
2 — = 996578
Th | -

(ence: required number of terations is 10

Exercise 6.6

I
= » r E e _-___-___-____"—-—-—__

\pply the method of bisection 1o find the -
square root of 2

Within two places of decimal in {1 2\

b the approximate value uf\ﬁ Within an error of 167
L »

cube root of 50 within 2

o. places of decimal in 13, 41.

Using the bisection method to find the root of the equation

R x—-—4=01 2l ¢ > {
x"+x—-4=01n{[1,2] correct 1o 2 places of decimals.

- Mo
b. x —4x+1=0in[1,2]comectto? places of decimals,

3 T = '
c. x —2x -3 =0 lying between 2 and 3 correct 10 3 places of

decimals with error less than 0.001.

d. 2 -5x%2=8 lying between 1 and 2 with error less than 107~

e. cosx=3x~1 correct to 4 places of decimals.

f e = 10x correct to 4 places of decimals.

Show that the equation f (x) = ¥ — 10 = 0 has no negative root and one

positive root. Find the positive root using bisection method with a = 2,

h=3ande=0.01.

4 How many iterations are require
in the interval [1, 2}

d to get the root with the tolerance 10 3
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-y Very Short Answer Qlu-ht

" '“”h H'rp L r) 'rr]
h | ”]Q

: : UMIT n T AT
l{"li‘ 4 e 1;.

pia i e isecthion I”I-'”|I-"~’ for the
Tl '

IRery an jos

1 DY non linecal cquakion
| T1it ’

2 What do yo

hisection ”H-”:.u,j‘ LOY the tunction ; f.l} N

Q)

. nprocess of finding the
.~p the process O £ W€ roots within -
we gl ”hln 4N Crror [ﬂiu.:f;.; v - A S ’

following condition 1s met
fthe ¥ ‘

6.9 Newton-Raphson Method

Netwon-Raphson method 1s another iterative method for H[‘:h’iﬂgﬂ\
; 1€

s p : E o
v) = (). where /1s assumed to have a continuous d::rn-'a[n.-c 1 q“‘“lnn

—

rinding square roots by Newton-Raphson method

/

=

[ et a be the square root of x. /
e

/

/

is method i1s commonly used because of its great Speed and o
; Sim

ably ¢
. : 0s
[ et the initial guess be xp. € to the

method depends on an initial guess which is reason Dhcj;y

1 |]h..:-1‘ _'||l — {-f U

| €l f(x)=X —a

Draw a tangent to the curve at x = xp. The pomnt of f"IE‘I'SCCEinn of t

. _ he po;
ntersection of the tangent and the x-axis. The slope of the pmﬂlt}f
)) IS gIven h_\. angeﬂt al

th x—-axis gives the second .ip;‘rmum;irim} to the root. Let Y, be t

'(x) = 2x.

We have,

I (Xn) {J

AR D =" = (xn)
| |

Xy + 1 e }“I(T )
J \An

.l'.llI .'|lfi

—mm

4 "':.J'

Lhe next approximation will be

f(x:)
iy

I (X1)

_1 a
._2(_1;”+xn)‘

7 Tllustrative Examples

Example 1. Using Newton-Raphson's method, find the square root of 153
correct to 3 places of decimals.
Solution
Let x be the square root of 133.
Then, x* = 153
x'=153=0
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iy
!'
i (-1 I
& {2 ~n's method, we have
'l "
|
||'\
{) 12.65
()
7 153 | 12 37944
e ) I‘_ 1’_1'_; i/ F i 1'\
! ors i J‘w; )
ot ) =3 (1237493 X 15 39743 12.3693
)31 153 )
i : et [ 2 :r‘ln" :I“I T T—"—'—T——- ~y
: 1 2\ g 12.3693] / ll-—-]f}*)],
ne the values of x; and xy, we find

that the dfg‘

) ‘IL"I-';E'JI'I are same II.lr{’”L'(.’. “’“.,' I'L'L}H”'gd qqudrﬂ‘

cimal is 12.369 FOOLS of 1oy St thy,
el dliiel i - 3t .L{.
0 [h
rl-ﬂ
Example 2. Use Newton-Raphson's method to -'lﬂpruxinl.“ 3
1SS |r!I.‘,_r1 Ir.I f.’-l"'f”JIr E VE ]!!1
an
Saoluriorn Lm}r
.'I 'y-lr_T
Ilr L ¥/ ] 7
) :
l'i' L 1V,
fr )
—t Us fake an mitial guess (x,) = 1.
'\ i

2= 0.018955 > 0,00001
1263889 . {1-263889)° _ 5
3.(1.263889)7 = 1.259933

() { A <.
T . Y0059 > 0.00001

/'f_r;) = 1.259033 r‘{ *;?5{)933 o
(1,

259933)7

L.".J .

=1.25992]

L
r AN !/;;
) Artes) =F
f(xq) {] r, e-’i';_u T r“"”"”m.-,.
Hence the r‘.::!illr-,'rl rOG LAN) MO | P INIT » 1
) ' i 15
gxample 3. |/, Nt r 92 1 )
Tm |.,1 |
| " I Ph N M
Saolution Yin the iInt '1'r..;-ll| {
Here, o b a
."I' x) X v | . l
f'(x) =324 |
f(0) =]
/()=
Since £ (0 2 _
Let us t: J .Inrl /(1) haye
‘ S take Mita] Zueg “D[‘Hh”c Sign
By New 3 X = oNS, 3 re.
b cwW [{"JH.-Rfl.p]'lhnnlb meth ld al ry ot i, .
. o o L) : » We haye
/()
Mt (x,)
A Xp — . = I
/ f_l'“] I - Z = U.75
f(x))| = 0.17875 - 104
[(x))
A ') =0.75 2171875
£ v N — 2.65 0. :
V(x2)] = 0.00895 - he 875 68605
[i(xs
‘ B _l__'\ —
© S['(xy) = 0.68605 _ 9-..{.:'_”__3_?_'5_

24] 199 = 0.68234

Hence, the fequired ooy

15 0.68234.

= Exercige 6.7

_h..r

X+logx=2013 Places of decimals.
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N

wer Questions

Answer Qt

rerv Short -

‘_e-‘ - ymla 1ol Newlon R |!w;-|-“,..| method
ite the general TOHEE

4 | then Wi the Newton H-‘[

| ] [
M \ ,T"ﬂl‘]‘t“

. . il L0
If & be the squart |
for square rool

Find the next sterative value oi i
g UOSS IS

Raphson method if the imhial gu

Answers

L n=lix 14168 1414

2 a 7041 b 4973 prove

3 1. 7T9¢ [y > (g | d 0.730
T ;.
e 1736

ADpendiy 4
Mathematicat Software

(Mathematica, Python an d MATLAR)

P pular

most softwares

used
\¢

N mathematics are \aTr ««
| ¥ h : a. i C i AAT . )
{athematica, Python and Maple. The w ebsites for LAB

these softw are s
VATLAB (VWY .mathworks.com). Mathematic:
, e a

viaple (WWW .maplesoft.com) and Python (www pY

. mathematical software systems.

= @
LIS are

| "_‘_lh_.ﬁ,. L* _‘;'::'_':7'-"1 { Y

IhHﬂ ore) Tll':',.lf': .
||1'—l Bul ¢Hih UI ﬂ"':“\:__" -11...!1“,_,__\ b .“. “.. g
yntax. As per the demand of course, Mathematica. M .\'Tlﬁ;-;':- ‘i} I
e introduced. » VIALLAD and Python

ccording to Wikipedia, the free encyel

opedia, "Wolfram Mathematics
ssually termed Mathematica) =

| IS @ modem technical computing svstem
S ol technical computing includine
machine learning, image processing, geometry. data sCien

-panning most arca

neural networks

°€, Visualizations

and others. The system is used in many technical, scient

‘ | ific, engineering.
mathematical, and computing fields, It w

L
=

' as conceived by Stephen Wolfram
and is developed by Wolfram Research of Champaign, [llinois. The Wolfram

L anguage 1s the programming language used in Mathamatica ”

\ccording to Wikipedia, the free encyclopedia "MATLAB (matrix
laboratory) is a multi-paradigm numerical computing environment and
proprietary programming language developed by Mathworks. MATLAB
allows matrix manipulations, plotting of functions and data. implementations
of algorithms, creation of user interfaces, and interfacing with programs
written in other languages, including C, C++, C#, Java, Fortran and Python.
Although MATLAB is intended primarily for numerical computing, an
optional toolbox uses the MuPAD symbolic engine, allowing access 10
symbolic computing abilities. An additional package, Simulink, adds
graphical multi-domain simulation and model-based design for dynamic and
embedded systems.

MATLAB has more than 3 millions users worldwide. MATLAB users come
from various backgrounds of engineering, science, and economics.

e TR =y TR T




L

(]

n method,
write the Newton- Raph!m".g .
m-,hma

of the rool of a

58 IS5 I

| TROK

¥ =0y N"W:n
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—

d,

0.739

opriclary  programming language devel
“\ws matrix manipulations, plotting of
¢lgorithms, creation of user inte

ten in other languages, including
Jthough MATLAB s intended primaril
tional toolbox uses the MuPAD sym

mbolie - computing - abilities. An additional package, Simulink. sdds

“r:phical multi-domain simulation and model-based design for dynamic and
cmbedded systems.
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yathematica, Python 3

' 1“ V
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r mathematicg] SOt
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ware systems But D}'lhnn.mg}_ o
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rogrammer Guido Van R

" . hzed by Dutch Progran Ga
Pyvthon was conceplun
released in 1991, It s

VMiathematica

Fr i all, mstall and run Mathematica In your computer. The d(?lai].
nmng Mathematica differ from one computcer to another ‘“"'-m"l"llh:r hlllh A
I [ .I_ ¥t £ WL S : ] I}._-
Calcufations 1s same 1n all cases e
S
- po——— TR Processor = - -
I'.r inpul B - -
Mathemats
Mathematica is the creation of Stephen Wolfram, a theoretical ph}'ﬂfcisl 3
made the important contribution to Mathematics. W olfram dESCrih ’
Mathematica as "the world's onl fully integrated eny Ironment for tﬂ'ﬂhni e
5 0 5 iy 3 i o L] # ~u - Y E-
computine.” It is a software package that does !if}li.f‘lrdll_ n]dn'pu]aﬁ{)n d]
1{:—!; 15 ”TL :"‘T-;i{'ﬂf]j.i,_”‘. J'E 1S EhL Uli“.rI(i';‘; fl!“_‘\ IJ'i[L“!__’l"iHCd Cn"-‘irﬂnmEnt rﬂ-‘h
: graj e
technical computing.
Mathematica Notebook
When we start Mathematica. we get a menu bar at the top of the SCree T
g - . e > g - i % - - l:-]
=€t started computing with Mathematica, we need to create g P""“[Ebm]]{ -
: : | : - Fo;
Lus, from the menu bar select
File = New — Notebook (.nb).
:::' Jetdied- I - Wotres UWstwesarey 1132 e S
LR R S S——— Crmrracy dxton  Falemr - ey - - T —
o e g g -~z Loy gy 'hr"_‘;
.‘-l"'l-."-{'_','_,
& )t g el A

When we enter 2 command then tl
software that actually does th

1¢ Mathematica Kernel (the part of (e
For example -

¢ computation) executes it and returns the result,

Sy
s a high level programming language. The "'*'{:ha,”
. i _ Site
' * Can insi: . |
- .1|' : H_-' r.h.‘ inst '“. l[l.__ I.F“”’ j i '|!l. 1»1\-_\\_ I‘i_‘\_'_‘_l_l_"‘“ |-II‘,___ ‘b'\ = L i 151 !Il "'”d run 3 F
|

Ne groy 5

pun Mathematica - - E

i1 1% . S il
when Mathematjca starts up. it

' ' - 3 gl.-llt'i a

Enter the Input into the Notebook

" Enter for gy Ut [To gy
key. then press F_nh:r]

rvpe Shift

n we send Mathematjc., -
_ and correspondin
an choose the Quit

Upt’:raﬁung I
add

minus

muhiply

divide

power |

'he Four Kinds of Brac

ket in Mathematica
'; (texrm) parentheses for grouping i
f [x] Square brackets for functions
{a, b, ¢} curly braces for list
al[i]l] double brackets for indexing (Pant {a, 1))

Using Mathematica, we can calculate exact value of expression which

has more than 10 (in general electronic calculator) places after decimal.
Mathematica can handle numbers of any size.

End you input with // N.
It gives approximate value.
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For Exanmples

(11N
s il

"'C"qu.m-,

-
wd
il

I ¥ o F k
| - } Fi¢ Y2, ! ]

| Dlea

In[2):= ' 2 ¥aY, e T P
Outf2) = 1. 125899906842624 _ PlotJod ned -F Pon VOIS (4
Inf3)}:= 2°50//N Continuit 7 R oin e
Outld) = 1‘,{:&‘1{]:' []]lt ﬂﬁd Y “ POrnita th
LI .
Some Mathematical Functi " ompute limit in mathematic,
me Mathematical Functions o o ; . AmMpute 1HCa In the fﬂlinwmf e
[ — s 2 way,
i ‘f t'l_ /i 3 swh ] ______;_ ) ‘_ull‘l'h‘“
log. x — ] e
— — Limit (2 «%x+3, x 4 3
r | log, x
Sin[x] o8 [x], Tan|[x] JT s x, COs x, lan x -
LD | | x |, absolute value e
—— — e imit [ (7 #%42 44
S _ — = Limi +
i[m, n] | m modulo n e A 7 S0
~ 7 e oSSl
ol ]I T
- e —— — L S
| r = -
Sl a” - - vimie [ (VE -3) / (x-
For Previous Results / =l 9]
¢ the last result -
¢ the next to last result 6
¢ (n times) the n" previous result. N
ares A LL;'.-’M.' A h.{-i:’-‘._r a value 1o the variable x P Xy < ) / (.J:‘ 23 s ‘} r X = 2\
or ciear [x/ remove any value assigned to x. A
Relational and Logical Operations
S } equal Jaaa Limit[(x*&—iEG}f(;_2).3_‘2]
| =y or x #} [ unequal 1024
] greater than Ei
or X = ¥ j greater than or equal to Limit [ (x*2+7 +2 £3)[/ (9 x023+Ta %32}, 2+ =)
X Yy llcss than i 1
or x < Ilessthancn'equalto S
Graphing e :
T'o plot function ffrom x p;, t0 X nay, the basic syntax is Idmﬂﬁ( R :)':*ml
BIOE [E(x], (%5 Xt siaaat)] 0
Redrawing and Combining Plots
- A -» O
Show [Plot ] redraw a plot Li“‘it[(\f" 2ix % )/ (Rek)e & ]
Show[Plot, Option — Value] redraw with options changed wigle 1

Show[Plotl, Plot2, ..]

combine several plots
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Limit of trigonometric functions

X,

Limit (84in [x)]

llﬂ]

I.irl‘.it"'i.i.nfl.x1 f
L - | v -y
'iin,fﬁx]_ X - 0]

Limit | (Tan -
(3 » x) 2-::]-’{3-:-:—51::[21::}} ac 0]
’ L]
Limit |

{ (8in [x]

Cos [x]) / (- /a), X—+rm/d)

Some graphs

GraphicsRow [ {Plot [8in[x] / x, {x

r =1, 1}]1}1
L.06+—_
.05 b
.RH
0.90 | 'El
\
\
\
II.
0.85 | \
i) --!j.‘; . * : i

‘ 1.0
GraphicsRow|[ {Plot [Sin[x] /x*2, (x, -1 1}]}]

0f |

i
Fi '\
.f

-‘-\--'_"'ﬂ-—- —
=T ]

implict Function

lTJr}]‘:

ided Jimits
L ’
IlII

‘mr..m.,
(aFrom the ln!t,}[‘mt Sin | 453
‘1 =
2,
X 45 1, bl"ﬂ' -
v 1
(«From the laftt):,,j_‘_t I
{ll' =
-wﬂ.lHngthn s
(2T ‘iﬂh“*ihinit[xub
s(x),
= - u. Mt“tl&n -‘ F
in 6} \* trom the leftsy Limie |
81in [x] /x~
2
x .
i}
= = -
Out [6] (*from the rlght*}lelt :
Sin(x] /%~
x L]
U;;ferentiation
(athematica allows us to enter derivatives in ;
n standard form as 9, £ [y . M I0put form a5 oLz ey o
sher-order derivatives are speci
| \Lcund derivative

2 for
I e % I standard form the second
In [1]; = Dfsin [x], (X, 211
Out [1] = -sin [x]
Jlathematica also recognizes prime notation. For example
In (235 {sin' [x], cos' [x]}
Output [2] =

{cos[x], -sinix] }

Implict Function=x * 2 + y * 2 - 1.
Solve [D[implict Function, x1, y'I(x]]

Some examples:

114/ - D[2*%+5, x)

-lll'ri1'15= 2

n15= D[Sqre[x], x]

1

2vVx
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*rr A

D[ & N 10;5.:&3_53}
‘

! X

qux‘..?-S-xj 1’3*1-:"2—:{] x]

'
[ =2 + 3 3=

D[8in[x], x)
D[Cos [x], x]

D[Tan [x], x]

D[Csc[x], x]

D[Sec[x], x]

D[Exp[x], x]

D{FLDQ E-J{J r J‘:}

{(8in ' [x], Cos ' [x] )

-Sin[x])

d

Application of Derivatives

Maxima and Minima
Maximize [f [x], x]

o o F

Minimize [f [x ]

; XJ

—

ne l‘\'r”"phrh:
el i i
Minimize (3 *"XA2 - @ .
N . 4
L

| &,
qaximize [ - 3 -
Ma | *RATL SN
4, %)
i 1)
me graphs
Plot [x+2
r x -
{ ¥ 2' 2}]
4
3|

o Dtang ’

| |

.
| ]




t(=x y ‘b""'“"hr ,__ /-“ ‘4
858 MATHEMATICS N plot [x~ 4 42 exiqg (=, 10, 4, ] {‘ : ¢ I:{
l"lt‘t— I.'HAj' fl, 1, 1}] ',-,11-. k.
1.71) -
0 G000
400n) - w8
LN > i 1.0) -
206
S5 f il
10 s 1“_“‘"--——-..______________5'; -
—-"'-.-‘- =
1.0)
Flﬂ-tlxﬂ‘nitxna“lu "—-__ﬁ___
# {t' = 1“‘# 12}]
L4000 | ==
Plot [-2 *»%X*3 +6+x"2 -3, {x, -5, 5}] \ i.
\ 11mﬁl R—
250 \ rr
\ 10000 | R —
200 | \ \ |
\ ROOO - ==
: R \ 1 | il
150) \I.I. {'{ﬂ]; ‘ o *
| \ | J  —
100 \\K mL / _____,_._--""f# =
50 b ! . s
\Ztml 'J’ —""_'-”/—r
. =3 VG o 7 | --lﬂ = —-h—_—-—s = E ‘J______ S »—-"/./_
: \ 3 10 i
—5{) \
N integration and Its Application el
~100 | ) -
Use Integrate or f'to Compute ntegrations. In indefinite integrals we specify —
an expression f{x] and the variable of integration in the followine form B
Integrate [£(x], x]

Definite integral provide the minimum and maximum limits.

b
Integrate [£[x], {x, a, b}]toevaluate J' £ (x) éx

d
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o ware F e~ |
For improper integral, "l 250
] 1/ ("2 + 1) dx - -
Fhe mintimum and maximum limits can be Infinity o1 Infinity I
- u L
example :
Integrale XT3 e A TNy ) SR Infinitcy)]
Some examples:
1/ V{x dx
Integrate | (x+ 1), x) J
J 1/ (+REL)idx 1
.! 'H - 1' 1-.[-}{ —
—
_—
Integrate|[ (3 +#x*3 +4+x+5) /x*~3, x] :_,,—
K ’.—_.-'—_'--
-—"'"-F-r
Integrat:fr\fl + Cos [x] , HJ
-_______,_-—
-1
| ’_’_.--"'_
Definite integrals .
Integrate[(x+4), {x, 0, 2}] '-___’__‘,,#—-"'

Integrate [Sin[x], (x, 0, w}] A=

Integrate[2 «x/ (x22+1), {x, 0, 1}]

Integrata[‘\/lﬁ-x‘i' s {x, 0, 4}J
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DLE, Python k‘hu“

- »*1 |
) WE Of ’ I, "
.. W€ we can run Pythgp,  * %e
After insmllation of pyther : N indov ".uh:*.. N,
i he Pyth? ple T
J ' ; - i . i k
SESS promppt inside WK . For ¢ anij J'|]
- -ullp,l"t ..-
VS Code. Jupiter Notel _
“
*(3+2) ,
. outpu! =
Press Enter to get the <tudent )/

B
Next, print("Hello, 1 am @

Press Enter for outpul

Output will be,

Hello, | am i 134

file by ¢ [
{( save =

1l
\ studen o IR '
and then save or if you },

king on file
You can save

Te
, , — g,
created the file then s are no! unique. The same task cap pa i
REREd  The Python ¢ R - e " may
",'IL"T“," W I‘“}?‘ . rEm /
_ tput, we ¢ i .
ket for input. LYOr-OtH an use Pring ( ‘

AN il
Thc IH-;“HH USOS | ) e e Lnow !-“[_ P}'Ihﬂn are
L

- . s han
The main arcas that Wt §

. Syntax and spacing

y N WS
2. Variables and data Lyps
% 4 O OIS
3 Input and prnt i
s T 1™
4 Conditronail Stan
S For and whild {00 .
\ ris ’
o) y Comparison Python Cpge
- i 3 1
Basic Oporatol Equal to(==)
¥ ] _.'_' z -
SR Not equal To (1-)
. Greater Than (s)
: <
> L.ess Than <)
Greater than or Squa)
[.ess than or eguoal
e —dJd<sal o ('::]
S Python Code
- - “ :
: _——— -
"\‘ X = =d
e ®x [ -
‘.I. ‘ = =
—% @ x
Sy T h: -r-"'l-
- — 1‘_"'
S4 0 X

n bﬁlﬂr‘.f}.‘

.1'-| L ""lli i Ir U Can 'qu. il. A
| \ e ITie
D I'he following is the W -
J(ives, and antiderivatiy ue Y tah . .
Concept
! H’”“hnl
Variable "
- . | o J im r
Limit | lim
- m—— - — |+_ _I Tfffll.l
Derivative '1| d l
e — . -3 d,r‘“rfl
rJ f . "‘*-li-_
- = - I' : [J’.‘ V
partial derivative ox ¥) | .'
¢ :
 Indefinite integral

Definite integral

Note: We have to write Infinity as g5
y - U0

gxamples

lim ¥ -9
. Evaluate X =0
; X-5 x-5§

import Sympy as $p

# Define symbol
X = Sp.symbols('x")

# Define expression
expr = (x**2 - 25) / (x - 5)

# Compute Limit
result = sp.limit(expr, x, 5)

# Print result
print(result)

10

|1-.‘|.1'n a4 I..-.”,!

S8
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Python
\ fter installation of Pvthon, when we open DL

womplt mnside the Python window
\ o L | iMIC

y
ic J

ecc Fonter (O gel the outpult 5

Next, print("Hello, I am a BCA student")

Press Enter tor output

¥ 1 f
{ illl'l.j.|I il

will be,

Hello. I am a BCA student.

d the file then do save as.

The Python codes
different ways.

are not unique. The sa

me task can be

You can save file by clicking on file and then save or if you have
[
crealc

Python Shell
v I . We w
We o , o Wil
¢ can run Python cod 4
fupiter Notebook. Foi example

€S In ”JI-F-:

ﬂlr{:ady

written in
\ny

I'he main areas that we have to know for Python are
Syntax and spacing

Variables and data types
Input and print functions
Conditional statements

For and while loops

Basic Operators

Function

Square root

Cube root
Exponential
Logarithm
Sine

Comparison Python Code
Equal to(==)

b ) #subtract Not equal to (!=)
y*b) #fmultiply Greater than (>)
a/b) #divide (float) Less than (<)
=/ /b) #divide Greater

than or

(>=)

Python Code
Sqgrt (x)
x**(1/3)
exp (x)
log (x)
sin(x)

I'he Pvthon uses () bracket for input. For output, we can use print ( ).

equal

to

Less than or equal to (<=)

Py ‘{'m""iw
il 1 1y i . :"1
1 r‘l | L i rj* - " r ¥
-y wnid antides T Ny oh :
(oncept
g?mh;..
Y 14 i.' »
Jariable ‘ r pr‘hr.-_-.; P
. THmand
Limt Iim
| = | .juu"{'fl
Denvatuve | _‘5_1,_ L
— = d:’h":]
||| B 1
- | > _fl.;g
partial dernvative | dx y) ’
L o
— H/xy |
(ndefinite integral i e —1
- H (x) dy <
°P.1 ceg
— et
Definite integral :
" a

Note: We have to Write iﬂﬁﬁ.ll'j ds s
e .00
I \l““pl L

. lim x* -2
. Evaluate X —25

e

X x~5
import sympy as Sp

# Define symbol
X = sp.symbols('x")

# Define expression
expr = (x**2 - 25) J (x - 5)

# Compute Limt

result = sp.limit(expr, x, 5)

# Print result
print(result)

19
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- limy sin.x — Sin ¥
Evaluate T A
X—y R

import sympy as sp

' D{"_‘!{I-ﬂf‘ _,5_.":1 .

ol

X, y = sp.symbols('x y")

# Def1ne expression

expr = (sp.sin(x) - sp.sin(y)) / (x - y)

- = 7 I = y
# Compute [i1mpt

result = sp.limit(expr, X, y)

# Print result

print(result)
cos(y)

== g_l---'_—_.‘r.l'_-_:_.
! fﬂndih_fj =7y +5x —6

import sympy as sp
X = sp.symbols('x")

expr = 7*x**10 + 5%x**3 6

result = sp.diff(expr, x)

print(result)

JOTX**G 4 15%x*%2

[ - i Ty d i h
o £(x% ) X 3xy pAY thun ﬁﬁd :!{ "
import Sympy as ss ;
# Define sympg| o
X, ¥ = sp.symbulg(*x 'y
y
# Define function
f = XV 3%x%y o 2
¥
# Partial deriuatiue
% = sp.diff(f, X
fy =

SP.diff(f, vy

-
™

Print FESuLtS
print("fx =o

. =", x)
praint(“fy =i £4)
fx = 2%x + 3%y
.Fy - 3*}{ -+ 4*y

Evaluate x + 1) dx

import Sympy as sp

# Define symbol.
Ris SP.symbols('x'y

# Define expression
expr = x +

# Indefinite integral
result = sp.integrate(expr, x)

# Print result
print(result)

y oy ¥
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Evaluate [ xsin x qy.

import Sympy as sSp

# Define symbol

e e

X = sp.symbols('x"*)

# Define expression
expr = X * sp.sin(x)
¥ Definite integral

result = sp.integrat

J
- J—_— y Fa {
-4 =t B "I

- / i -

= il

print(result)

1

Jrom @ o pv/2

e(expr, (x, 9, sp.pi/2))

) a
wen the MATLAR SOftware ;
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i ed >
e

i1 LN

s called the prompt, In Commang Wi

amand oOr expression then MATL A
~_cuit
=LA

et out of MATLAB# Cither type quit gy the nrq
. MATLAB from the meny, SRR

addition to the Commang Winduw,
\TLAB. Directly aboye the Commang Windoy

irectory for Current Dirﬁctﬂry_ The folder which is
hat where files will be saved, It is

. changed.

the left of the Command Window, iy

. S WE : r m]tﬂhﬁc
At h‘[gh le i as ‘-'lsual'-.za ; 3

R o 1 CMiter any M F\TLAB
l [

choose file then

Windows in

» there ig 4 pull down

Setas Current Directory
the waork directory by d

*T€ are two tabs; one for Current
(rectory Window and other for Wo -

ectory Tab, then the files stored in

r example if we type
>> 15 =ern

{ATLAB will display (Press enter for result)

ans =

27
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=
-

6. Evaluate r S oy dy

b,
(LAB 15 an H'I'ltl!ilt.:lhu
."\

neel Ine
4 L .

numencal '”'““Dlllm
import SYmpy as

on gy o Y Sysien
4 Mathwork : "8 Well
loped by Ma OTKs. It ig high leve) 3
Sp 1™ ‘

.n the MATLAR SOftware

15 stan
e cd
& Command Window
X = EP-EyWhGIS{'x'}

r
'
ymmand Window, we Soe
_—

called the prnmpl. l'ﬂ (_‘gmmund w d
m
amand Or expression then M i

ATLAB wiy 3 - et any
’ !'1
- 5L1_j,l}f‘p-=g"dfﬁfexpr‘, [’J(‘ e

il

g ATLAB —
tmmedlalt:ly fespond with

et out of MATLAR Cither
MATLAB from the meny,

ctory for Current Direcmry_
hat where files will be

hanged.

cctory Tab, then the files sto

r example if we type
>> 15 &

'ATLAB will display (Press enter for result)
dalnsg =

277




27 gives the

Assigcnment

It refers to assigning values to the variable,

I.  Assigning Scalars
Type
>> X = 4

It will display
> —

Fo

2. Assigning Arrays, Vectors and Matrices
An array is a collection of values by a single variable. One dimensiona|
arrays 1;13 called vectors and two dimensional arrays are called matrices.
For example g
a >> a = [3 4 5. 6] |
<
3 45 5
B >> b = [3; 4; 5:.6]
or by transposing
> b = [3 4 5 6]

The result is
b e
.

an be dis lava
A matrix &l “Played a¢ ¢
" _ | } 4 & r' - e t:li

-
7
‘.__]_

\Iso, We can Seperate the
- [3

rows
4 5 *BY the help of &

En
: i : u—‘l‘kty
7, g 9]
m. n) selects the element ipy i
\(m, i M Tow dng. b

dang =
b

rhere are several buils !."f‘“‘lfll'a
Matrix [_ahnralnry MATL
neering  numerigéal

Cﬁmpu
-loped by Mathworks

@tion

sthmetic operation
. ',.]l;_'l'ﬂtiﬂ“ﬁ
. i

Meaning
additiop

o
!

2

0.5000

't in function

A .

murrfmg_

X baseq ¢

ystem for
and  yigya)

1Zation.

Command Funcﬁnn

abs () | absolute value
exp. (S exponential function
sqrt () square root
| log .

logarithmic function

Sclentific and
MATLAR
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Nove: By defoavis M4 1y (B prod L TATAS oy h° 2 \
. SRS S RS after decimal bl P gn Debus .
If we want move digits after (), i ; Praces ' o W - ’
by, ' . . u . . -
P Hecimal places. then we should > for "4 ; 2 L
- : gy . [F] How 16 2 Vihet's New
I vou need, any h.;“\ take nof’ = i
5 Srph ae help of >> help format red, Selecr Wis
I'rigonometric function ’ ' ~2 LAY -
Command T K o —— e R e | X+ i
' . - — i ), | f"ll_ll_t:ll.{_in L . e -
i sine e =T l
| — — - - WESRTH N Y ns ﬁ"'
S I COSsine e - ' E
. e ST | . -
—_— e S [ ahoent = T
S e — | 'Cotangent ITER Sl solve (X7 Z2=S5X+0%0")
ot Tl | secant P 3
— 2 ‘ ——— _________\_-___‘_-___-_-_‘_‘ |::..'
_ : = el | cosecant
Solving Algebraic Equations in MATLAB T
We solve the algebraic equations as follows:
f \‘1']];";{: { I J, HL}f‘1E .1 .' -_'i — {} . -_';I._Jl_."rei' o J-_; .,'F".l': _'_/. ‘r_", rr:=|_1.4]
jolve: (136 +43%= Q")

(2) Solve _1"? —~Sx+6=0

~1 2 ra Lo i == . = ' .
olve ('x 5x + 6 0') plotting

]

RES he plot in MATLAB appears in the Graphic | Figure Window. MATLAR
,: prod ides facihities for 2 =D and3 =D graphics. The most command for 2 “ D
| +d 3 — D plot are plot and plot 3 command respectively. -
(3) Solvex —7x*+36=0 lottin »
,> solve ('x%3, = 2*x°2 & 365=201) 1-D PIOS
X T Gyntax: plot (x data, y data)
_2 tlere, v data are the value of y variable corresponding to x vanable which are
. siven at x data, such as y = f(x).
6. his command plots x data along horizontal axis and y data along vertical
iI,“-\ii“}.
Fxample:

Plot the function y = ¥ - 5x + 6, where x € [-5, 10},

Solution
>> X = [~5:10]; ¥ creates yector X
y =X Ag - B.*x + 6; ¥ calculate Y
> = "

A_J
‘."-a- -
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- = p-lc[ (x, }r‘-

‘ut!.lﬂ‘

Wiee

| 4 i
IIIIII o LU T

-~ JIDFEe L

-

0

“f

|
|

LAl T

iy Deikeep  Wilsids

e W A i N

-

e

S T

DB =D

Example:
lot the function y = X" in [-5, 5].

Solurtion

Arrays

Variable = initial value: step size: final value
Here. initial value is the first element of the row,

and step size is the diffe

For L‘\dmpfﬂ

>3 IS . 1«1

s W e N

final value is the last element of the row
rence between the consecutive elements of that row.

]wl:inﬂ

D
- 3(x, ¥\ Z)
- ||J..".\'L ]'11'”‘
| 2y 5
X mpie:
, r9 - 0.001 : 4];
1 LSt
1 l..,]!] {1\}-
e N2 + Y.L

B
vv | R g
A0

e i

® it View [n Tmel Crarmny
S— NV~ e

iher commonly used commands for 3-D plotting are
11101 3{3‘* V. Z

mesh (X, ¥, 2)
surf (x, ¥ ,2)
contour (x, ¥,z

Example

obtain the graph of y = cos (x) from & to &, we first define the vector
+th components equally spaced numbers between ~x and 7, with increment

.01 (say).
>> X = ~-pi:0.01:p1;
>> y = cos(X);
>> plot (x,V¥)
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Tics v

- — 1‘---‘ L "

- ST B s | ; ‘
" | |
| {

B
rg:
§ ]
i
o
i
l".
| |
r <4 |
|
J od
anl
1 = — — ]
) L. i b 1 k| '
4 ¥
L— — ———

. & ¥ s
In order to label the axis on the graph, we have to do following

1

ylabel
We can put a title on the top UsSIng

_,E-'.1 51 COsS1NE rrom

7 i gy~
ritle

.1]::: to \pi iy

surs. we have to use the followings.

For different line types, plol s} mbol and caol

v yellow

k black

W white

o grecn

e
-

b blue

r red

pl.'*”][

. star
sohd

-- duahrti
For example, to obtain the graph in red, we type

e .
(X, Y, L

> PLOIL
.

Command Explanation
who Gives a list of the variables i use
whos Gives a list of the variables in use as well as some
extra information
clear Removes all variables
cle Clear all

clear x y Removes the variables x and y

A mfu“h,

ands for imit, derjv; a
A 15 l.-nrl"“"'" PRI 50 "__H(rlﬁd-“\'.e and intee rati i3
A ‘hematic al HI?I_I.’.II_!}_"F_‘__,&_E!_P‘_I.is-"\‘bift comma él —on
— - [ O 47
T am f(x) | Aimit (f
: | L4 —— =50 LY # e
I~ pm f(x) @1 imit (£, o
A J L il ¢ e Qy "Iaf
- l B —
hm - f(x) Lim e e e
ya s — Sy TEIgh
'-i (V) diff ly) B
[LEmse - : oed BT
Bl ST e,
aples: W e ——
| “”"IH, rLAB, evaluate. '
ing '’ o
| : - 4x :
() X ~ noXTrcosy
1 ? XYy X—% —
jufion
= rait Debug Desktop Window Help
== mlo W of | ¥ Emmm“’imn;n;_:j_—lg_ ALY
s [F] How to Add [E) Winaf's New e —
| a. = i L
To get started, select MATLAR HElD OF Demos from the Help
s menuy.

syms &
f= (TERN2HARX) /X5

| imit (£, %,0)

| >> symsS X ¥y
: f=(cos (x)-cos (y}) / (x-v);

leit{frxry:’

ans =

-sin(y)
|

U:-..i[]g MATLAB, find
dxg
. w@®)

j‘; (x” tan x)

2

L

£ (log (3x-2)




Examples:
Using MATLAB, find
I.  Kdy
2. Jsinxds

AL e 'J"J r-.jrln', b

PRl 1A

F & | G By

g

-I.F“' #
o hetey I' —

l2Ct MAT LA

Linear Programming Problem

et £ be a column vector of length »

and let A be a m X n matrix. T Vector of length
A linear programming associated with £ A P
L and b is the MInImum problem
min f/ x
or

the maximum problem
T
max f "x.

subject to Ax < b

If f is a maXimization problem,

we chan

ge it to the ‘
minimization problem associated with —; A, b. cofresponding
Solution of LPP minimization problem with MATLAB.

Without equality constraint, the syntax is
X = linprog (f, a, b)

To obtain minimum value type [x,

[f inequality and equality constraints are given, use
X = linprog (£, A, b Aeq, beqg)

i

L=
fnin]l = linprog (£, A, b)

"‘“
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For example:

max /= 7x; + 5x;

subject to x; 2y, <6, 4x; 3x; <0, X = 0, xz = 0.
We write this as
min f X — JX2

2 < 0, 4x; -?"'l,‘ e e . —x3= (),

.ﬂ”"_f{.‘ft [0 .X)
Then max f min /

We solve this in MATLAB in the following way

O S -5];

b= [6; 6; 0; 0]

At FlAE 2 =vgeinicl —0s 0=kl
o> [x, fain] = linprog (£, A, Db)

The window will display

1.5000
0.0000
~ 10.5000

Hence fone = 10.5 at x; = 1.5 and x; = 0.

MATLAB for Bisection method
Using bisection method, find the root of the equation x~ — 2x — 5 = 0 lying
between 2 and 3 correct to 3 places of decimals with error less than 0.001.

Solution

‘ﬂfmror— Untitied* £ Kino L
File Edit Text Cell Tools Debug Desktop Window Help I

@ :nm-~ & A7 80 AVN DA |sxons]

clear ail;

=lose all;

et i
f=@(x)x"3-2*x-5;
o D w e m V=TT | ~
_'*—-1*-_'-'1'-[-'-'1 U ]5‘11

gi—

mﬂf‘d ir _{ﬁ,(//’? -1

AT AB will display the solution

| I; 1, AB for Newton-Raphsoy method *un this £ e —

vl anhe
g Newion Raphson method. tind a o —

| qll ~ ror less than 107, G 0 T

ih * U tal -
gl King . :
h”r”tlfln
; l‘.-_[|l‘kl; IS S

| W —

gt Debug Desktop Window Heln i
Ty B S BRI P o | —

Y (¥ 4 ‘J — ? L = Cflr'-‘rl Dhr!lt!:.rf - m“ j.a-:h.

Al HoWwW 1o Ackd £ vwhal's Flery — — b b ey —
ocus 15 TR : I

~ et 3 1_,*t 1’_"11"1' I .L""‘l’"" '['.mTL \
Q) ey = —-—E.LH li""_' li‘!

;{fucx}th~3;

| _;Tf-Tllffl.Dl._lﬂl}di_ff——-l_;
e diff>=tol
£f(x0) /DEf (x0) ;

. £f=abs (x1-x0);

w=
- wihil
1=xXU=-
|= X .:JI
root=xU
| rOOT =

1.7808

Matrix Equation

Let Ax = b be a system of equation in matrix form
T'hen the solution is : | 238

x = A \ b,

For example:

Solve .

X +J«‘+z=9;2.x+5y+7z=52,2x+y—z=0 |
In MATLAB,
>> A= [1 el 2 Bt
>> b [ 9 52 0];
> A\Db

X =
3
3
5 :
A " i

(3%
[

I
b

]
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Mod o1y L# :f

By

T

A B rH!l' for if-ll“‘ .rﬂl'llﬂi rale Mg
('l
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MATHMEMATICS 1l A INCEion of ’

- TiAn codde FTor Simpson's : rule

E = 9 (x) (rfuncrion f f ;
. l Owe limadt oel : 't"fl'l_i‘l;- ra -

ipper ] ' k) ¢

m ' IFI i -r I - f : W L3 f k
l !
o4 : I ]
i { l
i
| | 4 i <+ i * ]"H
v » U 1 4 1 * b)
' | h * ¢
- I l
. axamples
- AR 4 £ G T Y For €* |
180 1n
sin x dx, n =4,
g 3 - [ .
I 0
’. , [1 Lf.\ 4 f ‘.
‘orexample: | —> . n=4. 1 AB solution
e T MATLAB

0 mﬁ‘f.
MATLAR solution ;e Edit Debug Deskiop Window Help

g ¢ M B s i ' ﬁ_ri\\
- : . — —l mm““*hM'cum“H —————
Debug Desktop Window Help nortcuts (2] Howo Add  [F] What's New - _I &

File Edit

Dl X & B - e Ef | ? | Current Directory JCHATLAEI?M-;ut _:_]__j (3] U oy -
{-‘hﬂru: [Z] Mow 1o Add  [F] What's New - o A ‘ To get Started, Select TLAR il
i | M_]_E,ﬂ
[ y | LN , < D’Eﬂ.lﬁ from the !'hlp -
f ‘0 getl started, select MATLAE Help or Demos from the Help menu |>> £=E X e "
| y =1
> I=0(x) (1/(1+x%"2) ) ; b=pl.
J'—_II_-MIr =4 :
li pob— ] = ' ;
[P=1: h=(b-a)/n;

s=0.5*(f (a) +£ (b))
for 1=1:n=-1
s=s+f (a+1%h);

h=(b-a)/n;
sS=1 (a) +f ['.L":' *

tor iI=1:n-1

o o = --_-;|_|‘
S=g+4*tL (a+i*h) :
Jyle| I=nES
fOor k=2:2:n-2:
S=g-2 * £ {qu.k 'h;’ k L
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